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Abstract
Targeted therapy using magnetic microparticles and
nanoparticles has the potential to mitigate the negative
side-effects associated with conventional medical treat‐
ment. Major technological challenges still need to be
addressed in order to translate these particles into in vivo
applications. For example, magnetic particles need to be
navigated controllably in vessels against flowing streams
of body fluid. This paper describes the motion control of
paramagnetic microparticles in the flowing streams of
fluidic channels with time-varying flow rates (maximum
flow is 35 ml.hr-1). This control is designed using a mag‐
netic-based proportional-derivative (PD) control system to
compensate for the time-varying flow inside the channels
(with width and depth of 2 mm and 1.5 mm, respectively).
First, we achieve point-to-point motion control against and
along flow rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and 35
ml.hr-1. The average speeds of single microparticle (with
average diameter of 100 μm) against flow rates of 6
ml.hr-1 and 30 ml.hr-1 are calculated to be 45 μm.s-1 and 15
μm.s-1, respectively. Second, we implement PD control
with disturbance estimation and compensation. This

control decreases the steady-state error by 50%, 70%, 73%,
and 78% at flow rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and
35 ml.hr-1, respectively. Finally, we consider the problem of
finding the optimal path (minimal kinetic energy) between
two points using calculus of variation, against the men‐
tioned flow rates. Not only do we find that an optimal path
between two collinear points with the direction of maxi‐
mum flow (middle of the fluidic channel) decreases the rise
time of the microparticles, but we also decrease the input
current that is supplied to the electromagnetic coils by
minimizing the kinetic energy of the microparticles,
compared to a PD control with disturbance compensation.
Keywords Time-varying Flow, Magnetic, Microfluidic
Channel, Microparticles, Disturbance, Optimal Control

1. Introduction
Recently, magnetic micro and nanoparticles have attracted
much interest in nanomedicine and nanotechnology [1, 2].
Their miniature size allows them to access deep-seated
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regions within the human body and execute targeted
therapy and diverse biomedical applications [3-9]. Many
researchers have proposed the utilization of biodegradable
magnetic nanocapsules, nanoparticles, and microparticles
(magnetic drug carriers) in drug delivery applications
[10-14]. These carriers can be injected into the human body
through the circulatory system, and external magnetic
fields are applied to concentrate these carriers at a specific
diseased cell. The miniature size of these carriers makes
their motion control and positioning a challenge in the
presence of flowing streams of a fluid; these problems are
most likely to occur in biomedical applications and
targeted therapy.
A few research groups have proposed a variety of selfdriven [15-17] and magnetically-driven [18] mechanisms to
overcome the flowing streams inside fluidic channels.
Open-loop control of self-propelled microjets has been
achieved inside fluidic channels against the flowing
streams of hydrogen peroxide solution [15]. The control
accuracy of these microjets has been improved using
closed-loop control with microscopic image guidance. This
control has enabled propulsion of the microjets along and
against the flowing streams of the hydrogen peroxide
solution [19]. Although these microjets can overcome the
flowing streams of the solution and achieve non-trivial
tasks, their locomotion mechanism does not allow them to
be used in biomedical applications, because of the toxicity.
No research has yet addressed the optimal path that allows
the microjet to reach a reference position in minimal time
or with minimal control effort. Positioning of ferromagnetic
nanoparticles inside rats was achieved by Nacev et al. [20]
by directing external magnetic fields towards a desired
position without feedback. Belharet et al. presented a
method for predictive control of magnetic microrobots in a
in microfluidic arterial bifurcations using fluids with
different viscosities [18]. Minimal input control of para‐
magnetic microparticles in three-dimensional (3D) space
has been achieved using an electromagnetic system with
closed configuration [21]. This optimal control might
increase the availability of electromagnetic coils during the
positioning of the microparticles in 3D space, as the input
current to the electromagnetic coils is decreased. However,
magnetic control has been achieved in a stationary fluid
without flow. In this study, we achieve the following:
• Modelling of the motion of paramagnetic microparticles
in flowing streams inside fluidic channels;
• Development of a robust closed-loop motion control
system that allows for the positioning of the microparti‐
cles within the vicinity of a reference position in the
presence of time-varying flow;
• Finding the optimal path that enables controlled motion
against the flow towards the reference position with
minimal kinetic energy.
We analyse the motion of the microparticles in a lowReynolds-number regime, and develop a model for their
motion in a fluid with a time-varying flow rate (Fig. 1). This
model is used in the design of a robust motion control
2
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Figure 1. A controlled paramagnetic microparticle moving along an optimal
trajectory against time-varying flow inside a fluidic channel. Maximum and
minimum flows ( vmax and vmin) are observed at the middle and close to the
walls of the channel (indicated using the red arrows). The control system
provides an optimal quadratic path that allows the microparticle to avoid
relatively large drag force (in the middle of the channel), and hence to move
towards the reference position with lower magnetic field gradient. The
controlled magnetic field gradients are generated using the electromagnetic
system shown in the bottom-left corner. The black line and small orange
circles indicate the optimal path (P*) and the waypoints along the path,
respectively. The initial and final positions of the microparticle are indicated
using Pi and Pf, respectively. The blue and black arrows represent the
reference position and the direction of the microparticle, respectively. The
black dashed arrows indicate the walls of the channel.

system based on disturbance force estimation and compen‐
sation [22]. In addition, we find the path that allows the
microparticles to move towards a reference position with
minimal energy to decrease the kinetic energy of the
controlled microparticles.
The remainder of this paper is organized as follows: Section
2 provides modelling of the motion of microparticles inside
fluidic channels [23] and a comparison between the model
and the experimental results. The designs of robust and
optimal motion control systems are included in Section 3
using a disturbance observer technique and the calculus of
variation theory, respectively. Section 3 also provides
motion-control experimental results using a magnetic
system with orthogonal electromagnetic configuration and
under microscopic guidance. Discussions pertaining to the
magnetic-based motion control of microparticles and the
challenges that have to be overcome to translate them into
biomedical applications are provided in Section 4. Finally,
Section 5 concludes and provides directions for future
work.
2. Modelling and Characterization
of Microparticles Inside Channels
The motion of a magnetic microparticle under the influence
of a magnetic field (B(P)) and in a fluid (with volume V )

(

dV

with time-varying flow rate Q(t) = dt

) is governed by

( )

FB ( P ) + FQ ( P ) + Fd P& = 0,

(1)

where FB(P) ∈ ℝ3×1 is the magnetic force at point (P ∈ ℝ3×1),
FQ(P) ∈ ℝ3×1 is the force due to time-varying flow rate, and
Fd(Ṗ) ∈ ℝ3×1 is the drag force on the microparticle. The

magnetic force exerted on the microparticle is generated
using an orthogonal configuration of electromagnetic coils
(Fig. 2) and is given by [24]
° ( P ) I = L ( m , P ) I,
FB ( P ) = ( m × Ñ ) B ( P ) = ( m × Ñ ) B

(2)

where m ∈ ℝ3×1 and B(P) ∈ ℝ3×1 are the magnetic dipole
moment of the microparticle and the induced magnetic
field, respectively [10, 25]. B̃(P) ∈ ℝ3×4 and I ∈ ℝ4×1 are the
magnetic field-current map and the input current to the
four electromagnetic coils, respectively. Furthermore,
Λ(m, P) ∈ ℝ4×3 is the magnetic force-current map of the
magnetic configuration. The largest microparticle we use
in this study is less than 100 μm in diameter (PLAParticlesM-redF-plain from Micromod Partikeltechnologie GmbH,
Rostock-Warnemuende, Germany), and the maximum
magnetic field gradient exerted on its dipole moment is 221

(

ρQ

)

mT.mm-1. The Reynolds number Re = hη is calculated to
be less than 0.1 for the density (ρ) of the fluid (900 kg.m-3
for oil [28]), maximum flow rate 35 ml.hr-1, viscosity (η ) of
the fluid (50 mPa.s for oil [2]), and characteristic channel
side-length (h ) of 1.5 mm. Therefore, we can assume
laminar flow condition, and the fluid velocity vector v(P) is
calculated as follows [26]:
2Q æ
4x
v (P) = ç1 - 2
A çè
w

2

ö
÷÷ yˆ ,
ø

(3)

where x is the x -component of the position vector (P) from
the centre of̭ the channel. The flow
rate (Q) is applied along
̭
a negative y direction, where y is a unit-vector opposite to
the direction of flow, as shown in Fig. 2. Furthermore, A is
the cross-sectional area of the channel. In our experimental
set-up, the cross-sectional area is rectangular, with height
(h ) and width (w ) of 1.5 mm and 2 mm, respectively. This
cross-section allows us to induce flow rates approximately
similar to mouse carotid flow rates, which average between
14.4 ml.hr-1 and 42 ml.hr-1 [20]. A time-varying flow rate
results in a force due to acceleration of the fluid that is given
by
FQ ( P ) = M p

2 M p r fQ& æ
rf dv ( P )
4x2 ö
=çç 1 - 2 ÷÷ yˆ .
r p dt
rp A è
w ø

(4)

In (4), M p and Q̇ are the mass of the magnetic microparticle

(

dQ

)

and time-derivative of the flow rate Q̇ = dt , respectively.
ρf and ρp are the density of the fluid and the microparticle,

Figure 2. An electromagnetic system ① for the motion control of paramag‐
netic microparticles inside a fluidic channel ②. The inlet and outlet of the
channel are connected to a dual pump (FIAlab-3200 Dual Pump Sequential
Injection Analyzer, FIAlab Instruments Inc., Bellevue, USA). ③ to generate
controlled time-varying flow rates. The inset shows that the magnetic field
gradient holds a microparticle against a flow rate of 35 ml.hr-1. The reference
position is indicated using the small blue circle. The red square indicates the
position of the drug carrier and is assigned using our feature tracking
algorithm. The red arrows indicate the direction of the flow. Please refer to
the accompanying video that demonstrates a representative motion control of a
paramagnetic microparticle against the flow of oil.

respectively. Since we can assume laminar flow, the drag
force is given by the following Stokes’ law:

( )

(

)

Fd P& = 6ph rp v ( P ) - P& ,

(5)

where η is the dynamic viscosity of the fluid and rp is the

radius of the microparticle. Ṗ and v are the velocity vectors
of the microparticle and the fluid with respect to a reference
frame, respectively. The maximum drag force is observed
when the microparticle moves against the flow along the
positive y -axis, whereas minimum drag force occurs when
the microparticle moves with the flow along the negative y
-axis. We rewrite (1) using (2), (4) and (5) to obtain
P& =

L ( m,P) I
6ph rp

-

&
ùæ
2 é M pQr f
4x2 ö
+ Q ú çç 1 - 2 ÷÷ yˆ .
ê
A ëê 6ph rp r p
w ø
ûú è

(6)

We study the motion control of paramagnetic microparti‐
cles inside a fluidic channel for the following cases: motion
control in a stationary fluid, control against a unidirectional
flow along a single axis, and motion control in the xy plane
against unidirectional flows.
2.1 Motion of microparticles in a stationary fluid
In a stationary fluid, as shown in Fig. 3, Q = 0 and Q̇ = 0, (6)
is given by
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Figure 3. A representative closed-loop motion control of a paramagnetic microparticle in the absence of flow. The red square and the small blue circle indicate
the position of the microparticle and the reference position, respectively, and are assigned using our feature tracking algorithm [35]. Please refer to the
accompanying video that demonstrates the motion control of microparticles in a fluidic channel with zero flow.

P& =

L ( m,P ) I
6ph rp

.

(7)

The motion of the microparticle is controlled by the magnetic
field gradient. Fig. 3 shows the motion of a microparticle
under the influence of the magnetic field gradient in a
stationary fluid. In this representative experiment, the
microparticle is pulled at an average speed of 80 μ m.s-1
towards the reference position (small blue circle). Using (6),
the magnetic force-current map entry ( 2 ∑Λ2i1) is calculated
to be 1.3 nN.A-1, for current input of 3 A.
2.2. Motion of microparticles in a fluid with
constant unidirectional flow along a single axis
A constant unidirectional flow rate (Q̇ = 0) is generated
inside a fluidic channel using a dual pump (FIAlab-3200
Dual Pump Sequential Injection Analyzer, FIAlab Instru‐
ments Inc., Bellevue, USA). This pump is connected to the
inlet and outlet of the channel to provide controlled flow
rates (Fig. 2).
The microparticle is moved along the flow
̭
direction (y - direction, x - constant). Therefore, the speed
of the microparticle is given by

of the paramagnetic microparticle is calculated for flow
rates of 0 ml.hr -1 to 35 ml.hr-1. Our electromagnetic system
cannot provide magnetic field gradient to overcome flow
rates of more than 35 ml.hr-1. As expected, the graph shows
approximately parallel lines. A slope of approximately
-7200 m-2 indicates that the microparticle moves at x = 1.43
mm away from the centre-line. The speed of the micropar‐
ticle increases with the current in the magnetic coils during
experiments and in the model, as described using (8). In the
experiment, the speed at zero flow rate is 55 μm.s-1, 105
μm.s-1, and 135 μm.s-1 for current (I 1) of 2.4 A, 3.5 A, and 4.7

A, respectively. Therefore, Λ21 is 1.1 nN.A-1, 1.4 nN.A-1, and

1.4 nN.A-1. With field gradients of 56 mT.mm-1, 122
mT.mm-1, and 221 mT.mm-1, the magnetic moment is
calculated to be 19 × 10−12 A.m2, 12 × 10−12 A.m2, and 6 × 10−12
A.m2. Hence, the average magnetic dipole moment of the
microparticle is 12×10-12 A.m2.
2.3. Motion of microparticles in a step-wise
changing unidirectional flow along the xy plane
In this case, the flow is changed step-wise with N steps at
times tn as follows:
N

Q(t ) = Q0 + åH (t - tn ) ( Qn - Qn -1 ) ,

é åL 2 i I i 2Q æ
4x2 öù
P& = ê
ç 1 - 2 ÷÷ ú yˆ .
ç
A è
w ø úû
êë 6ph rp

(8)

The velocity (Ṗ) is plotted for constant currents (I i ), as

(

4x 2
shown in Fig. 4; parallel lines with slope of − 2 1 − 2
w

)/

( A)

are expected. If the microparticle moves at the centre-line

−2
of the channel (x = 0), the slope reduces to A . If the current

is increased, the velocity increases. From the extension of
the lines Ṗ(Q) to the Ṗ-axis and ∑Λ2i I i / (6πηrp), the magnetic

moment of the magnetic microparticle is calculated. We
implement this case experimentally for current inputs of 2.4
A, 3.5 A, and 4.7 A, as shown in Fig. 4. The average speed
4

n =1
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(9)

where H (t̃) is the Heaviside step function, which is zero for
t̃ < 0 and one for t̃ > 0. Q0 is the initial flow rate, and Qn is the

flow rates at times tn . The derivative of H is the delta
function δ(t̃) and is given by
N

Q& (t ) = åd ëét - tn ûù ( Qn - Qn -1 ) .
n =1

(10)

Therefore, the velocity (Ṗ) is only disturbed for an infini‐
tesimally short time when the flow is changed. This effect
can be seen in Fig. 5 where Ṗ changes smoothly and control
is achieved if the flow rate is changed. Motion along the

x -axis is achieved if the magnetic field gradient has an x
component. This x component can be produced with the
two coils perpendicular to the direction of the flow. In this
case, the velocity of the microparticle is given by

P& =

L ( m,P ) I
6ph rp

-

2Q æ
4x2 ö
çç 1 - 2 ÷÷ yˆ .
A è
w ø

(11)

The model of the microparticle is used in the design of a
closed-loop motion control system inside a fluidic channel
with time-varying flow rates.
3. Motion Control Inside Fluidic
Channel with Time-varying Flow Rates
Motion control of microparticles inside a fluidic channel is
achieved using a PD control system, PD control with
disturbance compensation, and an optimal control system.
3.1 Design of proportional-derivative control system
The magnetic field gradients are controlled using (2) to pull
the microparticle towards a reference position and achieve
positioning within the vicinity of the reference position
against different flow rates. For this, we devise a PD control
system. Therefore, (1) can be rewritten as follows:
æ Q
ö
0 = K pe + K de& + 6ph rp ç - yˆ ± P& ÷ ,
A
è
ø

Figure 4. Characterization of the average speed of the paramagnetic
microparticle against five representative flow rates. This experiment is
repeated using three current inputs. Input current of 2.4 A (black line)
provides magnetic field gradient of 56 mT.mm-1 and magnetic field of 33 mT.
Input current of 3.5 A (red line) provides magnetic field gradient of 122
mT.mm-1 and magnetic field of 48 mT. Input current of 4.7 A (blue line)
provides magnetic field gradient of 221 mT.mm-1 and magnetic field of 65
mT. The average speed is calculated using five open-loop trials along the yaxis using microparticles with average diameter of 100 μm.

term in (12) is zero. Therefore, selecting Kp and Kd to be

positive-definite achieves stable asymptotic stability of the
microparticle. The control gains Kp and Kd are diagonal and

(12)

have equal diagonal elements of 0.01 kg.s-2 and 0.015 kg.s-1,

where e ∈ ℝ3×1 and ė ∈ ℝ3×1 are the position and velocity
tracking errors, respectively. Kp ∈ ℝ3×3 and Kd ∈ ℝ3×3 are

respectively. In the presence of flow rate (Q = dt ), the
right-hand side of (14) is not zero. Therefore, the closedloop control characteristics are affected.

matrices of the proportional and derivative control gains,
respectively [27]. In (12), the errors are calculated using [27]
e = P - Pref and e& = P& ,

(13)

where Pref ∈ ℝ3×1 is a fixed reference position. Using (12) in

(13), the error dynamics are calculated to be
e& + ( K d + bP ) K pe =
-1

-1
b
K d + bP ) Qyˆ ,
(
A

(14)

where Π ∈ ℝ3×3 is the identity matrix and β is given by
β ≜ 6πηrp.

(15)

Fig. 3 shows a representative closed-loop motion control of
a microparticle in a stationary fluid. The microparticle is
pulled towards the reference position using the PD control
input (first two terms in (12)). In this experiment, we
observe that the microparticle is controlled at an average
speed of 150 μm.s-1 and the steady-state error is 3 μm. The
error dynamics (12) indicate that the gain matrices must be
positive-definite to achieve stable position control of the
microparticle. In a stationary fluid (Q̇ = 0) (Fig. 3), the last

dV

We apply flow rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and 35
ml.hr-1, and control the motion of the microparticle at each
flow rate using similar control gains (12), as shown in Fig.
5. At flow rate of 4 ml.hr-1, the speed of the microparticle
against the flowing stream of the fluid is measured to be
150 μm.s-1, whereas the steady-state error is calculated to
be 10 μm. At flow rate of 35 ml.hr-1, the average speed of
the microparticle against the flow is decreased to 125 μm.s-1
and the steady-state error is increased to 64 μm. Please refer
to the accompanying video that demonstrates the closed-loop
motion control of a microparticle against the four flow rates using
the PD control system. The transient- and steady-state
characteristics of the PD control system are affected by the
varying flow rate. Therefore, this effect can be compensated
using disturbance estimation and compensation.
3.2. Design of proportional-derivative control
system with disturbance estimation and compensation
The drag force and the force due to time-varying flow rate
exerted on the microparticle can be estimated using its
velocity and the current inputs to the electromagnetic
̭ coils
[22, 29, 30, 31, 32]. The estimated disturbance force (d(Ṗ)) is
given by
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Figure 5. A representative motion control result of a microparticle against flow rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and 35 ml.hr-1 using control law (12). The
control gains Kp and Kd are diagonal and have equal diagonal elements of 0.01 kg.s-2 and 0.015 kg.s-1, respectively. (a) At flow rate of 4 ml.hr-1, the average
speed and maximum steady-state error of the controlled particle are 150 μm.s-1 and 10 μm, respectively. (b) At flow rate of 6 ml.hr-1, the average speed and
maximum steady-state error of the controlled particle are 145 μm.s-1 and 47 μm, respectively. (c) At flow rate of 17 ml.hr-1 the average speed and maximum
steady-state error of the controlled particle are 135 μm.s-1 and 55 μm, respectively. (d) At flow rate of 35 ml.hr-1, the average speed and maximum steady-state
error of the controlled particle are 125 μm.s-1 and 64 μm, respectively. Please refer to the accompanying video that demonstrates the motion control of a microparticle
against different flow rates using a PD control system.

$ P& =
d

( )

g
F ( P ) + gM nP& - gM nP& ,
s+g n

(

)

(16)

where g is the gain of the low-pass filter, and Fn(P) is the

nominal magnetic force exerted on the microparticle.
Further, M n is the nominal mass of the microparticle. Now,

we devise a PD control system with disturbance compen‐
sation by adding the estimated disturbance to (12) as
follows:
$ P& + K e + K e& + 6ph r æ - Q yˆ - P& ö .
0 = -d
÷
p
d
pç
è A
ø

( )

(17)

The first three terms in (17) represent the PD control input
with disturbance compensation. The estimated disturbance
force is a positive-feedback loop that allows for the com‐
pensation of the disturbance drag force in the channel,
whereas the second and third terms provide the outer loop
that stabilizes the motion of the microparticle [22].
Fig. 6 provides a representative motion control result of a
microparticle against flow rates of 4 ml.hr-1, 6 ml.hr-1, 17
ml.hr-1, and 35 ml.hr-1. Control law (17) is implemented
6
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with similar control gains for the mentioned flow rates. The
control gains Kp and Kd are diagonal and have equal

diagonal elements of 0.01 kg.s-2 and 0.015 kg.s-1, respective‐
ly; the gain (g ) of the low-pass filter is selected to be 10
rad.s-1. We observe that the disturbance estimation and
compensation allows for improving the transient- and
steady-state characteristics of the control system. At flow
rate of 4 ml.hr-1, the speed of the microparticle against the
flowing stream of the fluid is measured to be 305 μm.s-1,
whereas the steady-state error is calculated to be 5 μm. At
flow rate of 35 ml.hr-1, the average speed of the particle
against the flow is increased to 375 μm.s-1 and the steadystate error is increased to 64 μ m. Please refer to the accompa‐
nying video that demonstrates the closed-loop motion control of
a microparticle against four flow rates using the PD control
system with disturbance compensation.
The PD control system with disturbance compensation
allows the microparticle to overcome time-varying flow
rates, as shown in Fig. 7. In this experiment, the flow rate
is increased from 6 ml.hr-1 to 17 ml.hr-1 at time t =28 seconds.
At time t =68 seconds, the flow rate is increased from 17
ml.hr-1 to 35 ml.hr-1. The disturbance caused by the timevarying flow is compensated by the additional control

Figure 6. A representative motion control result of a microparticle against flow rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and 35 ml.hr-1 using control law (17). The
control gains Kp and Kd are diagonal and have equal diagonal elements of 0.01 kg.s-2 and 0.015 kg.s-1, respectively; the gain ( g ) of the low-pass filter is 10

rad.s-1. (a) At flow rate of 4 ml.hr-1, the average speed and maximum steady-state error of the controlled particle are 300 μm.s-1 and 5 μm, respectively. (b) At
flow rate of 6 ml.hr-1, the average speed and maximum steady-state error of the controlled particle are 322 μm.s-1 and 14 μm, respectively. (c) At flow rate of
17 ml.hr-1, the average speed and maximum steady-state error of the controlled particle are 350 μm.s-1 and 15 μm, respectively. At flow rate of 35 ml.hr-1, the
average speed and maximum steady-state error of the controlled particle are 370 μm.s-1 and 64 μm, respectively. Please refer to the accompanying video that
demonstrates the motion control of a microparticle against different flow rates using a PD control system with disturbance compensation.

̭

input (d(Ṗ)). This compensation is demonstrated by the
current input to the electromagnetic coils during the
increase of the flow rates. The green line (Fig. 7) represents
norm-2 ( I 2) of the input current vector. The control law
(17) compensates for the time-varying
flow through the
̭
estimation and addition of d(Ṗ). At flow rate of 6 ml.hr-1,
norm-2 is calculated to be 1.2 A in the steady state. Norm-2
of the current input is increased to 2 A and 3.4 A for flow
rates of 17 ml.hr-1 and 35 ml.hr-1, respectively. Please refer to
the accompanying video that demonstrates the closed-loop motion
control of a microparticle against fluid with time-varying flow
rate using the PD control system with disturbance compensation.

An optimal path has to be determined to pull the micro‐
particle against the flowing streams of a fluid while
minimizing a cost function, such as the time to reach a
reference position, the input current vector, or the total
energy [21]. We assume that the microparticle moves from
the point Pi=( x0, y0, z0) to the point Pf = ( xf , yf , zf ) in a fixed
time T , as shown in Fig. 1. We devise the following cost
function ( J (P(t ))):

(

)

J P (t ) = ò

P& TP& dt.

0

(19)

where λ is a vector of the co-states. The necessary condition
on the optimal path is given by [33]
¶H * * *
P& * =
P ,I ,l ,t ,
¶l

(

)

(20)

where Ṗ* is the time-derivative of the optimal path of the
microparticle. The optimal co-states are given by

3.3 Design of optimal control system

T

æ
æ
Q& ö ö
H = P& TP& - PTP + l ç L ( m , P ) I + b ç P& - xˆ ÷ ÷ ,
ç
A ø ÷ø
è
è

(18)

Therefore, the Hamiltonian function (ℋ(P, I, λ, t )) is given
by [33, 34]

¶H * * *
l& * =
P ,I ,l ,t ,
¶P

(

)

(21)

where λ * is a vector of the optimal co-states. Finally, the
optimal current input (I*) is given using
0=

¶H * * *
P ,I ,l ,t .
¶I

(

)

(22)

Equations (20), (21), and (22) are solved simultaneously for
the optimal path (P*), optimal co-states (λ *), and optimal
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Figure 7. A representative closed-loop motion control of a paramagnetic microparticle against fluid with time-varying flow rate. The flow rate is increased at
time t =28 seconds and t = 68 seconds to 17 ml.hr-1 and 35 ml.hr-1, respectively. The green line indicates norm-2 of the current vector to show the effect of the
compensating control input. This input mitigates the effect of the time-varying flow and allows the microparticle to be localized within the vicinity of the fixed
reference position (indicated by the red line). The control gains Kp and Kd are diagonal and have equal diagonal elements of 0.01 kg.s-2 and 0.015 kg.s-1,

respectively; the gain ( g ) of the low-pass filter is 10 rad.s-1. (a) Position of the controlled microparticle on the x -axis. (b) Position of the controlled microparticle

on the y -axis. Please refer to the accompanying video that demonstrates the closed-loop motion control of a microparticle against fluid with time-varying flow rate using
the PD control system with disturbance compensation.

current input (I*). We obtain the following optimal path for
the microparticle:

x* =

2
ö
1 æç y *
- vmax ÷ ,
2
÷
1- b ç w
è
ø

(23)

where w is the width of the fluidic channel and vmax is the
maximum flow in the middle of the channel. x * and y * are
the components of the optimal path of the microparticle.
Equation (23) is a necessary condition for the optimal path
that minimizes the kinetic energy function (ṖTṖ) of the
microparticle. This equation indicates that a quadratic path
has to be followed to minimize the energy of the micropar‐
ticle against the flow inside the fluidic channel. Fig. 1 shows
the optimal path between two points along the channel, (Pi
and Pf). The quadratic path allows the microparticle to

avoid maximum force due to flow (2). The microparticle
moves towards the wall of the channel to minimize the drag
and flow forces exerted on its surface, and hence reaches
the reference position with minimal energy.
Our control system assigns waypoints along the optimal
path (small orange points), and the microparticle is pulled
towards each of the waypoints, as shown in Fig. 8. In this
representative experiment, the microparticle is controlled
at an average speed of 386 μm.s-1 and is localized at the
reference position with maximum error of 5 μm. The initial
position of the microparticle and the reference position
(small blue circle) are adjusted to be aligned along the
centre-line of the fluidic channel. This adjustment subjects
the microparticle to maximum flow (vmax). The maximum

follow rate, the width of the channel, and the constant (β )
of the microparticle and magnetic system are used to
calculate the optimal path using (23). We repeat this
experiment at flow rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1,
and 35 ml.hr-1, as shown in Fig. 9. The optimal path is
calculated at each time, and waypoints are provided for the
optimal control system to pull the microparticles towards
the reference position (vertical red line). The average
speeds of the microparticle are calculated to be 350.18
8
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μm.s-1, 442.63 μm.s-1, 468.86 μm.s-1, and 557.4 μm.s-1 for flow
rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and 35 ml.hr-1,
respectively. The maximum position errors in the steady
state are calculated to be 10 μm, 10 μm, 15 μm, and 16 μm
for flow rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and 35
ml.hr-1, respectively. Please refer to the accompanying video
that demonstrates the optimal control of microparticles against
time-varying flow rates.
Table 1 provides a comparison between the PD control
system, PD control with disturbance compensation, and
optimal control system in the transient (rise time and
average speed) and steady state (maximum position error).
The rise time (time taken by the microparticle to reach the
reference position) of the optimal control system is greater
than that of the PD control system and the PD control
system with disturbance compensation. The optimal
control system pulls the microparticle along the optimal
path, as shown in Fig. 8. Therefore, the microparticle does
not move along the shortest path and the rise time is
increased compared to the PD control system. Neverthe‐
less, we observe from the comparison in Table 1 that the
microparticle reaches maximum speed under the influence
of the optimal control system for all flow rates. We attribute
this increase in the average speed to the optimal path taken
by the controlled microparticle. This optimal path is
quadratic (based on (23)) and allows the microparticle to
avoid maximum forces due to drag and time-varying flow.
The microparticle moves towards the walls of the fluidic
channel where the flow is lower than that at the middle of
the channel based on (3). The PD control system does not
provide an optimal trajectory for the microparticle, but it
does provide a magnetic force pulling towards the refer‐
ence position regardless of the direction of flow, initial
position of the microparticle, and reference position.
Therefore, the microparticle is subjected to maximum force
due to the time-varying flow in the channel.
4. Discussions
The magnetic-based control systems presented in this
study are fairly general, even though the experimental
work is done using paramagnetic microparticles of spher‐

Figure 8. A representative motion control along an optimal path (black curve) between the initial (at t=8.0 seconds) and reference position (small blue circle)
of the microparticle. The orange points indicate waypoints that are assigned by our closed-loop control system along the optimal path. The optimal path is
calculated using (23) and the microparticle is pulled towards the waypoints using the optimal input (22). The flow rate in this experiment is 35 ml.hr-1. The
horizontal dark line indicates the edge of the fluidic channel. The dashed black arrows indicate the walls of the channel. Please refer to the accompanying video
that demonstrates our motion control along an optimal path.

ical geometry. These control systems can be implemented
on microrobots such as artificial helical flagella [38, 39],
magnetotactic bacteria, superparamagnetic particles,
ferromagnetic particles, and microparticles with irregular
shapes. The range of flow rates used in this study is similar
to that used in animal experimentation. Mouse carotid flow
rates average approximately between 14.4 ml.hr-1 and 42
ml.hr-1 [20]. Therefore, the electromagnetic configuration
and the magnetic-based control system hold promise for
medical application. They allow us to navigate micropar‐
ticles controllably against flow rates that are similar to those
used in animal experimentation. Therefore, they can be
used to implement targeted drug delivery using mice or
test chemotherapeutic agents coated on the microparticles
in vivo. However, the following challenges still need to be
addressed in order to translate the targeted drug delivery
using magnetic microparticles into in vivo experimentation:
• The flow rates of blood in the aorta, arteries, capillaries,
veins, and vena cava are higher than the flow rates used
in this study and necessitate larger magnetic field
gradient to move and hold the microparticles;
• Clinical imaging modality must be integrated into the
electromagnetic configuration to provide feedback to the
control system, and its resolution has to be at the micro
scale;
• The biocompatibility and physiological conditions of the
drug release must be studied and implemented experi‐
mentally.
The closed configuration of electromagnetic coils cannot be
scaled up to the scale of in vivo devices. Therefore, the first
challenge can be overcome using an electromagnetic
system with open configuration [40, 41]. The second
challenge can also be overcome using an electromagnetic
system with open configuration, since it will provide larger
space to incorporate an imaging modality, e.g., an ultra‐
sound system [36]. The ultrasound probe can be moved
using a robotic arm in relation to a permanent magnet that
is fixed to the end-effector of another robotic arm. This

configuration will enable motion control and positioning
of magnetic drug carriers throughout relatively large
workspaces and with higher field gradient than that
provided by electromagnetic systems with closed configu‐
rations. The biocompatibility of the used microparticles
and the amounts of drug required for the therapy should
be optimized; the drug release per unit time should also be
taken into consideration based on the binding and rebind‐
ing between the targeted drug and the microparticles they
are immobilized on. This should be optimized first in
vitro under similar experimental conditions to the physio‐
logical ones in terms of the amount of drug to be immobi‐
lized, pH, matrix, and flow rate.
5. Conclusions and Future Work
This paper has reported an experimental demonstration of
motion control of paramagnetic microparticles against
flowing streams of a fluid using a PD control system with
and without disturbance compensation. The PD control
allows a controlled microparticle to move against flow of
35 ml.hr-1 at average speed of 125 μm.s-1, whereas the
disturbance compensation achieves average speed of 375
μm.s-1. In the steady state, the PD control systems with and
without disturbance compensation achieve positioning
with maximum positioning error of 64 μm and 18 μm,
respectively, against flow of 35 ml.hr-1. The robustness of
the PD control with disturbance compensation is tested
experimentally by applying time-varying flow rate of 14
ml.hr-1 to 35 ml.hr-1. The additional disturbance control
input compensates for the increased drag force and force
due to time-varying flow rate, and achieves maximum
position tracking error of 18 μm at flow rate of 25 ml.hr-1.
The optimal path between two points inside a fluidic
channel has also been studied, using calculus of variation.
We find that following a quadratic trajectory from the
initial position to the final destination against the flow not
only increases the speed of the microparticles (for all flow
rates), but also achieves acceptable maximum position
error compared to the PD control system with disturbance
compensation.
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Figure 9. Optimal motion control of paramagnetic microparticles along an optimal trajectory between the initial position of the microparticle and the reference
position. The flow is applied along the y-axis and the initial and reference positions are collinear with the maximum flow within the channel. The controlled
microparticle follows a quadratic path (23) towards the reference position (vertical red line) against flow rates of 4 ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and 35 ml.hr-1.
The black and red arrows indicate the direction of the microparticle and flow, respectively. (a, b, c, and d) Motion of the microparticle against flow rates of 4
ml.hr-1, 6 ml.hr-1, 17 ml.hr-1, and 35 ml.hr-1, respectively. Please refer to the accompanying video that demonstrates our motion control along an optimal path.

Flow Rate [ml.hr-1]

0

4

6

17

35

Criterion

PD

PD with Compensation

Optimal Control

Average rise time [s]

2.8 ± 0.4

2.3 ± 0.8

10 ± 1.5

Average speed [μm.s ]

150 ± 4.4

305 ± 4

298 ± 4

Maximum error [μm]

2

2

3

Average rise time [s]

3.1 ± 0.5

3.1 ± 0.6

13.7 ± 9.9

150 ± 4.4

305 ± 5.4

350.2 ± 15

Maximum error [μm]

10

5

10

Average rise time [s]

6.6 ± 1.4

7.1 ± 0.2

9.9 ± 1.9

−1

Average speed [μm.s

Average speed [μm.s

−1

]

145 ± 0.8

322 ± 0.7

442.6 ± 10

Maximum error [μm]

47

14

10

Average rise time [s]

8.5 ± 0.4

5.7 ± 2

11.7 ± 3.5

Average speed [μm.s −1 ]

135 ± 4.6

350 ± 3.5

468.9 ± 3

Maximum error [μm]

55

15

15

Average rise time [s]

20.1 ± 2.8

5.2 ± 0.3

12.75 ± 1.4

125 ± 4.9

375 ± 3.4

557.4 ± 8

64

18

16

Average speed [μm.s

−1

−1

]

]

Maximum error [μm]

Table 1. Closed-loop control characteristics of the proportional-derivative (PD) control system, PD control system with disturbance compensation, and optimal
control system. The average rise time, average speed, and maximum error are calculated from 15 motion control trials at each flow rate. Control laws (12) and
(17) are used to implement the PD control with and without disturbance compensation, respectively. The optimal path and optimal control input are calculated
using (23) and (22), respectively.
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In future studies, the motion control presented in this paper
will be implemented in simulated body fluid, and our
electromagnetic system will be adapted to incorporate a
clinical imaging modality [36, 37]. In addition, the electro‐
magnetic coils will be modified to generate magnetic field
gradient larger than 220 mT.m-1 to enable the control of
microparticles against flow rates greater then 35 ml.hr-1. We
will also develop fluidic channels with multiple inlets to
induce flow from arbitrary directions. This modification
will enable us to study the robustness of the motion control
system against arbitrary disturbance forces. The micropar‐
ticles will be coated with chemotherapeutic agents and the
physiological conditions of the drug release will be studied
in the presence of time-varying flow.
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