IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 24, NO. 2, APRIL 2019

505
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Abstract—Automated steering of endovascular catheters
has a potential of improving the outcome of minimally invasive surgical procedures. Nevertheless, actuation, tracking,
and closed-loop position control of catheters remain a challenge. In this study, we present a modular framework for
a three-dimensional (3-D) position control of magnetically
actuated endovascular catheter. The catheter is fitted with
a permanent magnet and deflected using externally generated magnetic field provided by BigMag—An array of mobile electromagnets. Pseudorigid-body modeling is used to
formulate an inverse-model closed-loop position controller
of the catheter. The shape feedback is reconstructed from a
3-D point cloud of catheter silhouette, obtained using stereo
vision. Magnetic actuation is enabled using an inverse field
map technique, mapping the reference magnetic field to
BigMag configuration variables. The framework is tested in
a series of experiments. The inverse map is validated, showing a mean magnetic field error of 2.20%. The accuracy of
the shape reconstruction algorithm is 0.59 mm. Finally, the
magnetically actuated catheter is steered across a series of
trajectories with maximum reported catheter deflection of
68.43◦ and maximum tip speed of 5 mm/s. Across all trajectories, the best control performance metrics are the mean
error of 0.57 mm and the RMS error of 0.77 mm.
Index Terms—Magnetic devices, Medical robotics, motion
control, robot sensing systems.
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I. INTRODUCTION

E

NDOVASCULAR catheters are an important class of surgical devices used for minimally invasive surgery (MIS)
within the human cardiovascular system [1]. These catheters are
inserted through small incisions in limbs and navigated through
blood vessels to reach more centrally located target sites, such
as the brain or the heart. Conventional MIS navigation of endovascular catheters is manual, which significantly limits its
precision, thus requiring skilled personnel in order to ensure
patient safety. By employing robotic technology, steering of endovascular catheters can be facilitated. This has already been
demonstrated in several standard MIS procedures [2], [3].
Steerable catheters can become versatile tools, capable of
reaching any desired target within the cardiovascular system.
Nevertheless, ensuring reliable actuation and control of such
devices still poses a significant challenge. From the perspective
of robotics, catheters are classified as continuum manipulators
(CMs), that is, manipulators having a hyperredundant structure
of continuously bending elastic elements. In most applications,
CMs are actuated using tendons or guide-wires, and modeled
as arcs with constant curvature [4]–[6]. Due to the small size
of the catheters and their nonhomogeneous structural compositions, limitations of this solution are pronounced. The accuracy
of tendon steering is limited due to actuation hysteresis and inaccuracies of constant curvature approximation. Furthermore,
significant friction experienced by the tendons can lead to their
failure, threatening the safety of the patient [7].
The first suggestion that magnetic interaction can be used
to remotely steer CM was postulated over 60 years ago [8].
Magnetic CM can be made safer, and smaller than the ones
driven by tendons, due to their simpler structure involving no
moving parts. Therefore, this actuation technique is well-suited
for endovascular catheters.
Magnetically actuated catheters presented in the literature
can be broadly divided into passive or active devices [9]. Active
magnetic catheters are fitted with microcoils, which generate
variable magnetic dipole moments. If located in a large static
external magnetic field of a magnetic resonance scanner (MRS),
such catheters can be deflected by controlling the electric currents flowing through microcoils [10], [11]. On the contrary,
the passive catheters are fitted with permanent magnets with
constant magnetic dipole moments, and steered by varying the

1083-4435 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

506

external magnetic field generated by custom, dedicated systems
[12], [13].
Evaluating both classes of devices from a practical point of
view, passive magnetic catheters are better suited for automated
endovascular procedures. If the dipole provided by a microcoil
is aligned with the field of MRS, the catheter loses a degree
of freedom (DoF) [14]. Moreover, the microcoils are expensive
and difficult to manufacture, and their heat dissipation causes
safety concerns [15]. Passive catheters display none of these
limitations. They can be readily assembled using inexpensive
and accessible elements. Furthermore, they allow for 5 DoF
actuation irrespective of their pose within the workspace.
Magnetic guidance systems employing passive catheters are
already available commercially, yet they rely entirely on openloop control performed by the surgeon [16]. Catheter steering
using closed-loop position control has so far received limited attention. A two-dimensional (2-D) steering has been approached
in several studies, using linear control with decoupling [17]–
[19]. Nevertheless, none of these techniques were extended to
3-D position control.
The first successful attempt thereat has been presented recently in [20]. This technique employs a 3-D nonlinear position
controller, based on the geometrically exact Cosserat rod model.
However, this approach has been demonstrated only for small
angle deflections and slow effective motion speed of the catheter
tip. This is due to limitations caused by the low bandwidth of
the magnetic actuation system used, inadequate shape feedback,
and computational complexity of the rod model.
The closed-loop steering of the CM is enabled by feedback
providing the information about the shape of the device in realtime. Medical imaging modalities, such as fluoroscopy or ultrasound, are preferred for that purpose since they are capable
of providing information in reference to tissues inside the body.
Imaging data is usually available in the form of 3-D point clouds.
Several techniques to reconstruct the shape of a CM from 3-D
point clouds have already been presented. However, their limitations, such as low computational performance or inability
to track CM undergoing larger bends, suggest the need for an
alternative [21], [22].
In this paper, we present a modular framework for modeling,
tracking, and control of passive magnetic catheters. The passive
magnetic catheters (Fig. 1) is represented using a computationally efficient pseudorigid-body model (PRBM). We employ
the elements of two existing quasi-static models based on this
approach to derive an analytical (i.e., computationally fast) formulation of manipulator Jacobian [14], [23]. Consequently, our
PRBM is used to derive a nonlinear inverse model controller for
steering of a magnetic catheter tip in a 3-D space. The proposed
controller uses the shape feedback from a 3-D point-cloud, processed using a novel reconstruction technique. This technique
offers a very good computational performance, being in the same
time suitable for processing point-clouds from various imaging
modalities.
The catheter is actuated using BigMag, an array of mobile
electromagnetic coils, which offers magnetic actuation in a large
workspace with high bandwidth [24]. In this paper, we extend
on our previous work, presenting how to employ BigMag for
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Fig. 1. ⃝
1 In this integrative study, we present a framework for 3-D
position control of magnetically actuated catheter. ⃝
2 An iterative algorithm tracks the shape of the catheter using 3-D point clouds provided
by stereo vision system. ⃝
3 The reconstructed shape is approximated
by PRBM. ⃝
4 We use PRBM to formulate an inverse model controller for
3-D position control of the catheter employing magnetic torques (τ µ ).
The torques are generated using BigMag—a mobile coil array.

accurate actuation of magnetic catheter. To the authors’ best
knowledge, BigMag is the first array of mobile coils used for
that purpose.
The rest of this paper is structured as follows. In Section II,
we present a PRBM of a passive magnetic catheter. Section III
presents an inverse map method, which allows the use of the
BigMag system for magnetic actuation. The shape reconstruction algorithm is given in Section IV. The full control framework is presented in Section V. Finally, Section VI details the
experiments and discusses the results, validating our steering
technique, and Section VII summarizes this paper and gives
recommendations for further studies.
II. MODELING A MAGNETIC CATHETER
Magnetic catheter exhibits highly nonlinear dynamical behavior. The modeling of this behavior is impractical for high
bandwidth position control. Therefore, we propose to approximate catheter mechanics with a computationally fast, quasistatic PRBM. This model describes the shape of the catheter
under the influence of an external magnetic torque and gravity
forces. Moreover, it provides an analytical formulation of body
manipulator Jacobian, and thus, can be effectively applied in
real-time for catheter steering.
Let us start by considering the shape of a magnetic catheter
(see Fig. 2), which can be described by a continuous, smooth
function (P(s) : Ωp "→ Ωw ), such that
Ωp = {s ∈ R | 0 ≤s ≤l}

(1)

Ωw = {x, y, z ∈ R | x ≤x ≤x, y ≤y ≤y, z ≤z ≤z} (2)

where ⋆ and ⋆ are the limits of the workspace for ⋆ = {x, y, z}.
In (1), the parameter (s) defines the position along the length
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where S(α) for any vector (α) indicates its skew-symmetric
representation. We assume the catheter to be in a reference
%∈
configuration when W = 06×1 . Given the insertion axis (λ
3
R ) passing through the base of the catheter (p0 = P(0) ∈ R3 ),
the shape of the manipulator at the reference configuration is a
%
straight line (P(s) = slλ).
In PRBM approximation, the rigid segments representing the
catheter are connected in series by a total of n 2DoF flexible,
revolute joints (Fig. 2). The total rotation of joint i is expressed
y y
x x
3
with respect to frame ({Ψi−1
s }) as qi = w i qi + w i qi ∈ R ,
y
x
3
where qi,x , qi,y ∈ S are joint variables, w i , w i ∈ R are instantaneous joint axes derived as in [14]. Collecting the joint
variables, we define the total manipulator configuration as follows:
'T
&
q = q1,x q1,y , . . . , qn ,x qn ,y
∈ R2n .
(4)

Fig. 2. Top: Magnetic catheter has a single magnet at its tip, represented by magnetic dipole moment (µ). In presence of external magnetic
field (B(p n )), the catheter is bending due to magnetic torque (τ µ ). Its
shape can be represented by a 3-D curve (P(s)) Bottom: The kinematics of bending flexible catheter can be approximated using a quasi-static
PRBM. The manipulator is represented with a series of discrete rigid segments (i ∈ [1; n]) connected by 2 DoF elastic joints. Each elastic joint (i)
is affected by the corresponding joint torque (m i ∈ R3 ). The deflection
due to that torque is parametrized by a set of two angles (qix , qiy ).

of the catheter, spanning between base point (s = 0) and the tip
(s = l). Consequently, l ∈ R+ is the total length of the catheter
and Ωw is its workspace defined as a subset of Cartesian space.
The magnetic catheter is connected to a guiding sheath
(see Fig. 2) used for insertion. The stiffness of the sheath is
much higher than the one of the catheter; therefore, we neglect its role in the bending of the catheter. Using PRB discretization technique, we can represent the flexible catheter
by (n) rigid segments.
The segments
" are described by ref!
erence frames {Ψis }, i = 1, . . . , n , each located at a point
!
"
! "
pi = P i nl ∈ R3 . Additionally, frame {Ψ0s } located at p0
denotes the base of the catheter.
The catheter is assumed to be an externally loaded incompressible beam. The torsion and buckling of the catheter are
neglected. The shape (P(s)) of the catheter is determined by a
mechanical load applied along its length, which follows from
Euler–Bernoulli beam theory. We approximate this total load
6
by
"(W ∈ R ), acting at the tip of the catheter
! a point wrench
3
in body
pn = P(l) ∈ R . W is defined
" reference frame and
!
3
and a magnetic torque
comprises
of
a
magnetic
force
F
∈
R
µ
!
"
τ µ ∈ R3 . Both Fµ and τ µ are exerted
on
the"catheter due to
!
the interaction of the dipole moment µ ∈ R3 ! located at the"
catheter tip (pn ) with the external magnetic field B(pn ) ∈ R3
as follows:
$ # !
#
"$
Fµ
∇ µT B(pn )
(3)
=
W=
τµ
S (µ) B(pn )

The pose of each frame ({Ψis }) with respect to ({Ψ0s })
is represented by a homogeneous transformation (0i H(q) =
(q)
p i (q)
[ R0i1×3
1 ] ∈ SE(3)). Furthermore, if we define a twist associated with each joint (i) as follows:
$
#
S(qi ) S(pi−1 (0))qi
%
ξi =
∈ se(3)
(5)
01×3
0
the transformation (ji H(q) ∈ SE(3), j = 0, . . . , i − 1) between any two frames ({Ψjs }) and ({Ψis }) can be calculated
from the following product of exponentials:
j
i H(q)

%

%

= eξj + 1 · · · eξi ji H(0).

(6)

The PRBM technique represents the internal compliance of
the flexible catheter using torsional springs located at each joint
(i). Due to this compliance, the particular configuration (q) of a
catheter depends on the effect of tip wrench on PRBM
"
! joints (see
Fig. 2). This effect is represented by joint torques m ∈ R2n .
Hence, the joint-space equation of motion of the catheter takes
the following form:
m = Cq + Z(q)q̇ + g(q)
2n ×2n

(7)

where C ∈ R
is a positive-definite diagonal compliance
matrix, Z(q) ∈ R2n ×2n is the positive-semidefinite viscous
damping matrix, and g(q) ∈ R2n is the vector of moments due
to gravity. The entries of C represent the PRBM torsional spring
constants, and depend on the flexural rigidity of the catheter as
shown in our previous work [23].
Using the
! principle of "virtual work, the body manipulator
Jacobian Jb (q) ∈ R6×2n is used to relate tip wrench (W),
defined as in (3), and the joint torques (m). We calculate Jb (q)
using the derivation proposed by Greigarn and Çavuşoğlu [14].
The final model of the catheter is developed by combining
(3)"
!
and (7). The gravity is modeled by a point load Fg ∈ R3
located at the tip (pn ) of the catheter. We consider it to be the
force due to the weight of the dipole (which has a much higher
mass than the flexible tubing). Hence, the final static equilibrium
equation is as follows:
#
$
T
T
T Rn (q)Fg
.
(8)
Jb (q)W = Cq − Jb
03×1
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Fig. 3. BigMag is an array of six mobile coils, capable of providing actuation of magnetic catheters in a spherical workspace with a diameter of
10 cm (blue circle). Moreover, BigMag is equipped with an automated inserter (red rectangle) controlling the insertion position of the magnetic
catheter (λ), and two cameras used for stereo vision. The coils of BigMag are located on two independently rotating fixtures around the Z axis of
global reference frame ({G}). Each coil (k) generates magnetic field expressed in a local reference frame (Ck ). The position of fixture holding coils
(0, 1, 4) is described by angle (θ1 ), whereas θ2 denotes the position of fixture for coils (2, 3, 5). The axes in all reference frames are red, green, and
blue for X , Y , and Z , respectively.

Note that we neglect the weight of the catheter tubing, as it is an
order of magnitude lower than Fg . Moreover, the effect of the
viscous damping (Z(q)) is disregarded, due to the quasi-static
assumption.
Driving the catheter to the static equilibrium described by
(8), requires an external system capable of precise generation of
prescribed magnetic wrenches (W). Usually, magnetic forces
(Fµ ) with magnitudes sufficient for catheter steering are unachievable in large workspace due to rapid decay of magnetic
field gradients at a distance from the field source [17]. Consequently, Fµ is neglected in our study, and thus, the torques
(τ µ ) are selected as the sole control inputs for catheter steering.
As follows from (3), these torques arise due to magnetic field
(B(pn )) at the position of the catheter tip (pn ). Therefore, a
reliable method of generating such a field for any point inside
the workspace must be made available for catheter steering. The
following section presents our solution.

inverse map as an optimization problem minimizing power consumption of the array. We analyze the behavior of this problem
in simulation to propose an inverse map, which provides the
desired solution taking into account the limits on coil currents
and on fixture velocities.
A. Forward Map of BigMag Coil Array
In our model, a unit component of the array is a single coil,
referred to with an index (k ∈ [0, 5]). The coil has fixed dimensions and material composition. For every coil (k), we construct
a local reference frame ({Ck }) coincident with the long axis of
the coil (see Fig. 3). The position of point (p!n ) expressed
" in
reference frame ({Ck }) is described by vector pCnk ∈ R3 . The
coil is assumed
to operate
in its linear region. Thus, the mag"
!
netic field BCk ∈ R3 at pCnk depends linearly on coil current
(Ik ∈ R) and is given as follows:

III. MODELING OF BIGMAG COIL ARRAY

BCk (pCnk ) = Ik β Ckk (pCnk )

The system used in this study for tracking and control of
magnetic catheters is called BigMag (see Fig. 3). It is an array
of six mobile electromagnetic coils placed in two mobile fixtures, capable of rotating around a spherical workspace with a
diameter of 10 cm. The design of the system has already been
introduced in details in our previous study [24]. This section
presents an updated inverse map technique, which relates the
configuradesired magnetic field (B(pn!)) to the
'
"
& set of BigMag
tion variables: coil currents I = I0 · · · I5 ∈ R6 and coil
fixture positions (θ1 , θ2 ∈ S).
The technique is derived in a few steps. First, the forward
map of the array is introduced, describing B(pn ) for a given
configuration of BigMag. Due to rotating coils, the forward map
is highly nonlinear, hence its analytical inversion is challenging.
However, the overactuation of BigMag allows reformulating the

where β Ckk (pCnk ) ∈ R3 is the unit field map of coil (k) at pCnk
[24]. In this study, we develop β Ckk (pCnk ) using a measurementbased, axisymmetric representation similar to [25].
The forward model of BigMag is constructed assuming the
magnetic fields generated by each coil (k) of BigMag follow the
principle of superposition, providing the total field (BG ). This
field is expressed in the global reference frame ({G}) located
in the center of BigMag workspace (see Fig. 3). The field map
(β Ck (pCnk )) is used to describe the effect of each coil on the total
field. Since for each coil, the map is expressed in local reference
frame ({Ck }), we develop a coordinate transformation to express
β Ck (pCnk ) in global reference frame.
Let us start by defining variables! describing the
" kinematics of BigMag. The rotation matrix GCk R ∈ SO(3) , describes
the orientation of frame ({Ck }) for coil (k) as a function of

(9)
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!

"

Fig. 4. Effect of coil fixture positions on the BigMag coil currents are studied for a total of 485 evenly distributed points p Gn within the workspace
of BigMag, for different values of magnetic field (B G ). The positions of coil fixtures have no significant impact on fields generated in vertical direction.
For other investigated
B G , the underdetermined
system (15) is solved for coil currents (I) for different fixture positions. These positions are located
!
"
at an offset θ1o , θ2o ∈ [−π/2, π/2] from the solution provided by (19). Representative results are shown above. For all p Gn , the optimal coil fixture
positions (θ∗ = [θ1∗ θ2∗ ]T ) (white square) are found close (standard deviation 0.237 rad) to the solution proposed in (19). However, during the
∗
catheter steering, the actual fixture angles are used to compute I. Those
are likely
! o angles
" to differ from optimal θ , provided as reference setpoint.
o
Thus, we propose the use of solution (20), within the offset regions θ1 , θ2 ∈ [π/8, π/4] (red circles), yielding on average a much better current
per coil performance.

the position of coil fixture (θf ∈ S), where f ∈ {1, 2}. The
displacement vector (rCGk ∈ R3 ) describes the distance between origins of frames ({G} and {Ck }). The position of point
(pn ) in frame ({G}) is described by pGn ∈ R3 . Noting that
pCnk = RCGk pGn + rCGk , the unit field map (β Gk (pGn , θf )) of each
coil (k), is represented as follows:
! "
(10)
β Gk (pGn , θf ) = GCk R(θf ) β Ckk pCnk
G
Ck

R(θf ) =

G
G′
G ′ R(θf ) Ck

0

R

(11)

where GG ′ R(θf ) ∈ SO(3) is the rotation matrix around Z-axis of
frame ({G}) (see Fig. 3) by an angle (θf ) and GCk R0 ∈ SO(3) is
the arbitrary reference configuration of coil (k).
The design of BigMag allows for direct control over the
currents (I) in each coil and position of coil fixtures (θ =
T
[ θ1 θ2 ] ). These variables are arranged into the input vector
T

(η = [ I T θ T ] ∈ R8 ). The total magnetic field as a function
"
!
of input (η) can be calculated using the forward map γ(pGn , η)
BG = γ(pGn , η) = β(pGn , θ) I
'
&
β(pGn , θ) = β G1 (pGn , θ1 ) · · · β G3 (pGn , θ2 ) · · · .

(12)

(13)

The actuation of magnetic catheter requires solving a converse
which
! −1 problem,
" takes the form of an inverse field map
γ (BG , pGn ) = η , allowing for generation of arbitrarily prescribed magnetic fields inside the workspace of BigMag. These
fields are related to torques deflecting the catheter by (3).
B. Inverse Map of BigMag Coil Array
The most complete way of finding γ −1 (BG , pGn ) would involve analytical inversion of (12), this task is challenging due to
the nonlinearity of the forward map. Moreover, since the system

is overactuated, multiple solutions to inverse map arise. Alternatively, the computation of the inverse map can be formulated
as the following optimization problem:
min
I

IT I

s.t. BG − β(pGn , θ) I = 0

(14)
(15)

minimizing the power consumption of the array for given BG .
We note that for arbitrarily selected coil fixture positions (θ), the
constraint in (15) can be solved using the damped pseudoinverse
as follows:
I = β † BG

β † = β T (β β T + κ2 I6 )−1 ∈ R6×3 .

(16)
(17)

The damping coefficient (κ ∈ R+ , κ ≪ 1.) is used to improve
the behavior of the solution (I), if β becomes ill-conditioned
[26].
The optimization problem given by (14) and (15) can be
reduced by means of eliminating the constraint (15) with the
help of the solution (16) and (17). Consequently, an equivalent
form of (14) is obtained as follows:
min(I T I) ≡min(BTG β † (pGn , θ)T β † (pGn , θ)BG )
I

θ

(18)

which involves evaluating the fixture positions
(θ) for a given
! "
reference field (BG ) and tip position pGn . Such a constraint
elimination approach is valid due to the fact that the underdetermined system (15) has infinitely many solutions.
Nevertheless, solving (18) in real-time for catheter steering
is challenging due to computational constraints. Thus, we propose a computationally fast approximate solution to (18). This
solution is informed by a set of simulations (see Fig. 4), in
which the cost function of the equivalent optimization problem
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! "
(18) is computed for BG at 485 points pGn distributed evenly
across the workspace! (Ωw ). As "follows from Fig. 4, the center of the workspace pGn = 03×1 , the current minimizing coil
T
fixture positions (θ ∗ = [ θ1∗ θ2∗ ] ∈ S2 ) are given by
!
"
θ1∗ = θ2∗ = atan2(ByG , BxG ) + nπ

(19)

where BxG and ByG are X and Y components of BG , respectively.
Further, we notice that the optimal solutions for fields generated at other locations pGn lie sufficiently close to (19) (standard
deviation 0.237 rad), such that (19) can be considered an approximate solution of (18).
The approximate solution given by (19) has certain drawbacks
for catheter steering. Since the mechanical bandwidth of the
catheter is high, the prescribed (controlled) field (BG ) should
be generated quickly for a stable closed-loop system. However,
steering the coil fixtures using (19) limits a fast response for BG
due to the constraint on the velocity of the fixtures. Furthermore,
if the difference between the present fixture angle and (19)
is high, the actual field at the intermediate angles can vary
significantly. This issue can be solved by using the actual angles
instead of (19) and recomputing (16) in the intermediate fixture
positions. At the same time, (19) is provided as a reference
setpoint for the servo system driving the fixtures.
A further improvement to the issues with (19) can be obtained
by introducing the following offsets:
!
"&
θ ∗ = atan2(ByG , BxG ) + nπ 1

1

'T

±

&

θ1o

−θ2o

'T

(20)

to the approximate solution (θ ∗ ). Here, the angle (θ⋆o ), for ⋆ =
{1, 2} satisfies (θ⋆o ∈ [π/8, π/4]). In Fig. 4, it is shown that (20)
provides a better field response compared to (19).
IV. VISION-BASED CATHETER SHAPE SENSING
Another crucial technology for the successful control of magnetic catheters is shape sensing. As follows from (3), both the
position (pn ) of the tip dipole as well as its magnetic dipole
moment (µ) must be known to actuate the tip with a prescribed
virtual wrench. Moreover, since the research problem presented
in this paper involves the steering of the magnetic tip, its position (pn ) is also required as a feedback to close the control
loop. Finally, since the PRB approximation is used to derive the
manipulator Jacobian, the PRBM configuration of the catheter
(q) must also be tracked and reconstructed in real-time.
In this section, we approach those challenges by using a point
cloud processing technique for shape feedback. The entire approach is modular: the model recovery technique can be applied
to point clouds from different sources, including medical imaging modalities, such as fluoroscopy or 3-D ultrasound. Consequently, we demonstrate how the variables needed for actuation
and control of the catheter can be retrieved from the estimated
(
shape (P(s)).
The task of the catheter reconstruction (see Fig. 5) involves
processing of a point cloud of size (m ∈ Z+ ), defined as a set
*
)
(21)
Vt0 = vi0 ∈ Ωw , i = 1, . . . , m

Fig. 5. Vision-based catheter tracking is a modular pipeline process,
which can be divided into five major steps. ⃝
1 The silhouette of the
catheter is registered
using stereo vision with two cameras. ⃝
2 The
! 0"
point cloud Vt with voxels describing catheter silhouette is formed
for further processing. ⃝
3 An iterative algorithm computes a set of evenly
( = {p j }) along the catheter shape. The fitting begins at
spaced points (P
the catheter origin (p 0 ). In each iteration, the distance between
! p j −1 (es-"
tablished in previous iteration) and p j is known. The subset Vcj ⊂Vtj
comprising
of voxels within that distance is used to determine direction
! j"
d in which the p j is located. Finally, p j is calculated from 3-D line

equation, and voxels in Vcj are excluded from further iterations. ⃝
4 The
( (s)) is approximated by a polynomial funcestimated catheter shape (P
(. ⃝
5 This function is used for complete reconstruction of
tion fitted onto P
the PRBM used for closed-loop control. Note: all reference frames have
red, green, and blue axes for X, Y, and Z, respectively.

where each voxel (vi0 ) corresponds to a 3-D point contained
(
within the silhouette of the device. The shape estimate (P(s))
is
0
recovered from Vt using iterative Algorithm 1. The procedure
begins with finding the origin of the catheter ((
p0 ). The algorithm
searches for all voxels within a close vicinity of the initial guess
of the origin (pg0 ), predefined by the user, and averages them to
( 0 (see Algorithm 1, Lines 1–2). In our procedure, the
calculate p
user makes the initial guess for the first frame. Consequently,
( 0 for the previous point cloud is used as a guess for the current
p
one.
Once the location of catheter origin is established, an iterative
( = {(
() of
fitting procedure extracts a set (P
pj }, j = 1, . . . , n
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where
'T
'T
&
zi 1 = 0i−1 H pTi 1 .
(23)
"
!0
The transformation matrix i−1 H ∈ SE(3) is calculated using (6). The orientation of the magnetic tip, required for magnetic dipole moment estimation (and thus magnetic actuation),
is computed using the normalized derivative of the shape function at the tip. The magnitude of the dipole (µ ∈ R+ ) is assumed
to
" beforehand. Hence, the total estimated tip dipole
! be known
µest ∈ R3 becomes
, +
d P(s) ,,
µest = µN
(24)
ds ,s=l
& i−1

xi

where N (α) =

i−1

α
∥α∥

yi

i−1

for any vector (α).

V. CLOSED-LOOP STEERING OF MAGNETIC CATHETERS
In this section, we propose a technique for closed-loop steering of magnetic catheters. The PRBM of a catheter introduced
in Section II is used to derive a nonlinear inverse model controller. The controller is used in conjunction with feedback from
visual tracking and reconstruction presented in Section IV for
real-time steering of magnetic catheter.
A. Inverse Model Control

(
( j and p
( j +1 is
points along P(s).
The distance between each p
l
j
(
fixed to n( . pj is found in a series of steps. First, the set (Vc ) of all
( j −1 than n(l is established (see Algorithm 1,
the voxels closer to p
Line 3). The number ((
n) is selected large enough, such that the
( j can be approximated
( j −1 and p
shape of the catheter between p
with a straight line. The least-squares technique is used to find
% of that line in 3-D space (see Algorithm 1, Line
the direction d
4; Fig. 6). Since the desired distance to the next point is known,
( j (see Algorithm 1, Line 6). Used
line equation is used to find p
(
voxels are excluded and the procedure repeats until the entire P
is found.
( along P(s)
(
Since the location of each element of P
is known,
these points are used to fit the final shape function. We approximate the catheter shape with a parametric 3-D polynomial
(see Algorithm 1, Line 7). The 3-D polynomials offer accurate
shape representation combined with computational efficiency.
The coefficients of the polynomial are found solving another
least squares problem (see Algorithm 1, Line 8). Final shape
of the device formed in this way (see Fig. 6) is used to calculate those parameters of the catheter, which are needed for
closed-loop control.
(
Given the estimated shape function P(s),
! the"PRBM is constructed as shown in Section II. Frame {Ψ0s } is positioned
at the location of estimated catheter origin. For every 2-DoF
PRBM joint (i), the parameters (qix ), (qiy ) are found as follows:
qix = −atan2(i−1 yi , i−1 zi ), qiy = atan2(i−1 xi , i−1 zi )

(22)

In the proposed steering technique, the catheter is actuated
by an external magnetic torque (τ µ ), changing its shape dynamically until it reaches a static equilibrium approximated by
the PRBM configuration (8). Since the dynamic behavior of
the catheter moving towards the equilibrium exceeds the bandwidth of the available steering system, we disregard it. Therefore, we treat the static model (8) as a reduced-order model of
the catheter, which can be used for controller design.
We begin the derivation of the controller reformulating the
model (8). Since the gravity is represented by a single force
acting on the catheter tip, it is useful to combine it with W into
a single wrench describing the total external load on the catheter.
However, a problem arises, since gravitational force vector (Fg )
becomes dependent on the manipulator configuration (q), if
expressed in body frame of reference ({Ψns }). In spite of that, if
we transform the body manipulator Jacobian (Jb (q)), such that
#
$
Rn (q) 03×3
Ja (q) =
(25)
Jb (q)
03×3
I3
the total tip wrench (Wt ) can be defined as independent of the
manipulator configuration. Hence, the following reformulation
of (8) holds:
JTa (q)Wt = Cq
# $
&
'T
Fg
Wt =
= 01×2 −Fg τµx τµy 0 .
τµ

(26)
(27)

Differentiation of (26) establishes the following relation
between the rate of change of wrench elements (Ẇt =
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Fig. 6. Block diagram summarizing the system for closed-loop steering of magnetic catheters. An inverse model control (blue) is used to track
a preprogrammed trajectory (p ref
n ) of the tip of magnetic catheter using an inverse model control based on PRBM of the catheter. The controller
provides reference magnetic field (B̌ G ) and catheter insertion velocity (λ̇), which minimize the steering error (e). λ̇ is a control variable fed directly to
the automated catheter inserter. In the same time, B̌ G is generated using BigMag, using the technique presented in Section III to provide the rest of
control variables: coil currents (I) and reference fixture positions (θ̌), generating actual magnetic field (B
! G )."This field determines the shape
! "of the
, tip magnet dipole value µest , and
catheter (P(s)). The shape-sensing (green) is provided for feedback in form of estimated tip position p est
n

!

"

!

"

pseudorigid-body configuration q est . These variables are recovered from a point cloud Vt0 containing the silhouette of the catheter segmented
from a tracker based on stereo vision.

[01×3

τ̇ Tµ ]T ) and the PRBM joint rate (q̇):
Cq̇ = J̇a (q)T Wt + Ja (q)T Ẇt .

(28)

Using the chain rule, the product of Wt and the rate of the
Jacobian transpose (J̇a (q)T ) is represented in a form, which is
linear in q̇
Cq̇ = Γ(q, τ µ )q̇ + Ja (q)T Ẇt

(29)

where
⎤
∂Ja3,1
∂Ja4,1 µ ∂Ja5,1 µ
⎢ − ∂q Fg + ∂q τx + ∂q τy ⎥
⎥
⎢
⎥
⎢
.
.
.
⎥. (30)
⎢
Γ(q, τ µ ) = ⎢
⎥
⎥
⎢
4,2n
5,2n
⎦
⎣ ∂J 3,2n
∂Ja
∂Ja
a
µ
µ
Fg +
τx +
τy
−
∂q
∂q
∂q
⎡

Hence, the final equation for PRBM joint rate becomes
'T
&
q̇ = (C − Γ(q, τ µ ))−1 JTa (q) 01×3 τ̇ Tµ .

(31)

Differential equation (31) is used to design a MIMO inverse
model controller to control the spatial position of the catheter tip
(pn ). If the!transformed body
" Jacobian (J
! a (q)) is decomposed
"
into linear Ja,v ∈ R3×2n and angular Ja,ω ∈ R3×2n parts,
such that Ja (q) = [JTa,v (q) JTa,ω (q)]T , the following holds:
ṗn = Ja,v (q)q̇.

(32)

Therefore, the relation between spatial tip velocity (ṗn ) and the
rate of magnetic torque (τ̇ µ ) is as follows:
ṗn = Ja,v (q) (C − Γ(q, τ µ ))
4
56
A(q,τ µ )

−1

JTa,ω (q) τ̇ µ .
7

(33)

No torque can be generated in the direction parallel to the
magnetic dipole (µ), as follows from (3) and (27). Thus, only
2 DoF can be controlled using the system described by (33),
using torques (τµx ) and (τµy ). We mitigate that problem by including in the system an automated insertion device, which
applies a linear displacement (λ ∈ R) along the catheter inser% as depicted in Fig. 2. Since this displacement
tion axis (λ),
can be controlled directly, we create the final actuation matrix
(As (q, τ µ ) ∈ R3×3 ) used for steering as follows:
'
&
%T λ̇ = As (q, τ µ ) τ̇µx τ̇µy λ̇ T .
A(q, τ µ )τ̇ µ + λ
(34)
Using the matrix (As (q, τ µ )), the inverse-model !controller
"
can be formulated. We define the position error vector e ∈ R3 ,
such that
est
e = pref
n − pn

(35)

3
est
3
where pref
n ∈ R is the reference tip position and pn ∈ R is the
current position estimate coming from the shape sensing technique described in Section IV. Using the quasi-static approach,
the control equation takes the form
& x
'T
(36)
As (q)−1 (ṗref
τ̇µy λ̇
n + Ke) = τ̇µ

where K ∈ R3×3 is a diagonal, positive-definite gain matrix,
and ṗref
n is the feed-forwarded reference tip velocity. The magnetic control torques are computed by numerically integrating
the expressions (τ̇µx and τ̇µy ) given in (36). The corresponding
"
!
reference magnetic field B̌G ∈ R3 is consequently calculated
using the following inverse map:
B̌G = ∥µest ∥−2 S(µest )Rn (q)τ µ .

(37)

In our study, B̌G is generated by an array of mobile electromagnetic coils using the technique presented in Section III.
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Fig. 7. Inverse magnetic field map presented in Section III is validated by using it to generate desired magnetic field trajectories in three
locations within the workspace of BigMag. The figure shows the values of the desired field vector (blue arrow) and the measured one
(red arrow) for 1500 samples along the trajectory generated at a point
(p Gn = [28.9 28.9 28.9]T mm). The total percentage field magnitude error along all points from each trajectory is 2.20% and the mean angle
between field vectors is 2.82◦ .

VI. EXPERIMENTAL VALIDATION
The control system (see Fig. 6) comprising of elements proposed in Sections II-V is implemented in C++14 on a computer
running Linux Ubuntu 14.04.01, equipped with Intel Xeon E5
CPU, NVidia Quadro K4200 GPU, and 32 GB RAM. First, the
inverse field map used for generation of control torques using
BigMag is validated. Consequently, we test the shape sensing
technique presented in Section IV. The shape sensing is implemented within BigMag to work with real-time point cloud
data provided by a stereo vision system. Finally, a complete
closed-loop steering framework is used to trace a series of 3-D
trajectories within the workspace of BigMag.
A. Field Map Validation
The inverse map is validated by prescribing a set field trajectory (see Fig. 7) in three locations inside the workspace:
at its centre (pG = 03×1 mm) and at two remote locations
(pG = [30 30 0]T mm) and (pG = [28.9 28.9 28.9]T mm). This
trajectory is executed using the inverse map field technique presented in Section III. Senis 3MH3A-500MT (Senis AG, Baar,
Switzerland) Teslameter is used to measure the actual field in
a desired location. In total, 1500 samples are taken along each
field trajectory. The sets of desired and actual field samples are
compared showing an average error of 2.20%. The mean angle between the two field vectors is 2.82 ± 1.15◦ , showing a
significant improvement over our previous study [24].
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Fig. 8. Experimental procedure used to validate the shape sensing
technique. ⃝
1 A mock-up of a catheter with predefined shape is designed,
2 fabricated using 3-D printing technique. ⃝
3 The shape sensing
and ⃝
technique proposed in this paper is used to retrieve polynomial shape
estimate functions of different order. Those estimates are compared
against known mock-up shape. The best results were observed for sixth
order polynomial, with mean error of 0.59 mm.

the catheter is registered using stereo images coming from two
Dalsa Genie Nano C1940 Red-Green-Blue cameras (Teledyne
Dalsa, Waterloo, ON, Canada) (see Fig. 3). The side camera
is equipped with Cinegon 1.6/16 (Schneider, Rueil-Malmaison,
France) lens providing a depth of field of 120 mm with near limit
of 111.2 mm. The top camera employs Cinegon 10/1.9 (Schneider, Rueil-Malmaison, France) lens, providing an infinite field
depth with near limit of 52.1 mm. Both cameras are calibrated in
a stereo configuration using Camera Calibration Toolbox (Mathworks, Natick, MA, USA). Segmented silhouettes are used to
generate catheter point cloud
space carving technique.
"
! using
The resulting point cloud Vt0 is fed into Algorithm 1 for
shape sensing.
The validation of the shape sensing involves using the technique presented in Section IV on a catheter mock-up with predefined curvature (see Fig. 8). This mock-up is designed using
CAD technique and fabricated on a high resolution 3-D printer.
The known shape (P(s)) for a set of points along the length of
the mock-up is compared against the shape estimate function
(
(P(s))
using Algorithm 1 with three different polynomial or( was measured
ders (ζ = 4, 5, 6). The error between P(s) and P
in a total of 200 locations (s). The average errors are 1.5 mm
for ζ = 4, 0.88 mm for ζ = 5, and 0.59 mm for ζ = 6.
C. Closed-Loop Steering

B. Shape Sensing Validation
The shape sensing method, presented in Section IV, is implemented within BigMag system to process point cloud generated
using the shape-from-silhouette approach [27]. The silhouette of

Ultimately, the system proposed in this paper is tested in
final steering experiments. First, the implementation of the
control framework has been benchmarked for computational
performance. The average execution time of different software
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Fig. 9. Catheter is steered inside the workspace (Ω w ) of BigMag along three trajectories with various geometries and speeds. For each trajectory
the mean, maximum, and RMS steering error is measured. Left: The spatial trajectory of catheter tip in Carthesian coordinates (x, y, z) of Ω w .
Centre: Time plot of reference and actual tip position for each spatial coordinate Right: Time plot of error signal (e) spatial components, and outputs
of control equation (36): magnetic torques (τ µx ) and (τ µy ), and catheter insertion velocity (λ̇).

components is as follows: BigMag field map (see Section III) —
350 µs; inverse model controller (see Sections II and VI) —
1.8 ms; stereo image acquisition and processing — 35.2 ms,
shape reconstruction (see Section IV) — 2.4 ms. The total computational time of software components allows for 25 Hz closed
loop control. Nevertheless, to eradicate all possible jitter, predominantly due to variable image acquisition time (up to 60 ms),
the actual control cycle is set to 10 Hz.
The controller is used to track three trajectories presented
in Fig. 9, each with different speed. The results show that the
proposed control framework can be used for position steering

of catheter tip with minimum recorded mean trajectory error of
0.57 mm (RMS error 0.77 mm). The maximum reached catheter
speed was 5 mm/s. (Please refer to the video in supplementary
material for demonstration of the experimental results.)
The steering errors can be explained by several phenomena
observed during the experiments. First of all, the vision-based
shape sensing method generates noise, mostly due to limitations
of the catheter base detection scheme (see Algorithm 1, Lines
1–2). This noise can be observed in Fig. 9 as a fast-oscillating
component of the error signal. Furthermore, the reduced order of the system due to quasi-static assumption caused further
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performance deterioration at higher velocities, due to the uncompensated higher order dynamics of the catheter, as well as
relatively low frequency of the control cycle. Moreover, at larger
tip deflection, the PRB modeling approach becomes less accurate, degrading the performance of the controller. Finally, the
effect of magnetic force (Fµ ) resulted in larger steering error
close to the edges of BigMag workspace, where magnetic field
gradients are more prominent.
The maximum reported catheter position error of 6.0 mm
does not guarantee reliable operation within smaller sections of
human cardiovascular system. Even though high compliance of
the device, as well as small magnitudes of control torques prevent significant tissue damage, the positioning precision should
be improved. The decrease of the maximum error at lower velocities of the catheter indicates that increasing the bandwidth
of the control system, or extending the controller to account for
the dynamics of both the catheter and the coil system, could
contribute to that.
Improving several other aspects of the presented framework
can facilitate the translation of magnetic catheter steering into
clinical practice. The current size of workspace offered by BigMag restricts the procedures to catheter positioning tasks within
human limbs. Development of a system capable of running the
presented framework at sufficient bandwidth in a clinically relevant workspace remains a relevant, ongoing technical challenge.
Furthermore, the majority of clinical procedures require achieving successful, predictable contact between the catheter and the
tissues of the body. This limits the applicability of the framework, as it does not include the presence of contact forces.
Including these forces in the PRB model, and developing a reliable force sensing method could offer the possibility of realizing
force control in a manner similar to [5].
VII. CONCLUSION AND FUTURE WORK
In this paper, a modular approach for closed-loop control of
magnetic endovascular catheters is presented. The catheter is
represented using pseduorigid-body modeling, taking into account the effects of magnetic and gravitational forces. Based on
PRBM approach, a nonlinear, inverse-model position controller
is derived for steering catheter using magnetic actuation. The
magnetic field used for steering is generated by BigMag, an
array of mobile electromagnets. A stereo-vision system is used
to provide catheter shape information, as well as to track the
catheter tip position to close the control loop.
The presented framework is tested experimentally. The inverse map technique used with BigMag to generate reference
field is tested, showing an average error of 2.20%. The shape
sensing technique is validated as capable of retrieving the shape
of the catheter with a mean error of 0.59 mm. Finally, all the
components of the system are integrated and the framework is
evaluated in catheter steering experiments across a set of trajectories. The minimum reported mean position error is 0.57 mm
(RMS error 0.77 mm), and the maximum catheter tip speed
achieved is 5 mm/s.
In future studies, we want to focus on improving the control of
the catheter, as well as on translating the presented technology
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closer to clinical practice. We will extend the PRBM approach
to account for manipulator dynamics, including during the contact phase with a soft tissue. This should alleviate the problems
related to reduced order of the controller and allow for extending the framework to be applied during force control tasks.
Moreover, we will employ faster shape sensing techniques, providing higher effective control frequency. Finally, we plan to do
experiments in clinically relevant scenarios, using our framework with BigMag, as well as with new systems with improved
workspaces to steer catheters in phantoms under the guidance
of medical imaging modalities.
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