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a b s t r a c t
Accurate estimation of deformed shape and reaction forces poses a signiﬁcant challenge
in modeling and control of continuum manipulators interacting with their environment.
This paper presents a framework for the analysis of a continuum manipulator subjected
to multiple external loads using pseudo rigid body (PRB) modelling method. A PRB model
with six degrees of freedom is developed, and the statics equations for a manipulator with
multiple loads are presented, followed by the approach for determining the optimal model
parameters. Dimensionless constants are used to enable scaling the model to manipulators
of different lengths and materials. The approach is ﬁrst validated by a comparison with
Finite Element Analysis, and the results show a low error in estimating the tip deﬂection
(less than 1% of the manipulator length). A magnetically-actuated manipulator driven by
an array of electromagnetic coils is used for experimental validation. The optimization for
a single segment of the manipulator is performed with experimental data, with an average error of 2.2 mm in calculating the tip position. An experimental setup for a manipulator with multiple loads is created by introducing displacement constraints with ﬁxtures
connected to multi-axis force sensors. The model shows good agreement with quasi-static
experiments in estimating the reaction forces and predicting the deformed shape of the
manipulator. The average error in force estimation is 61 mN, while the average error in
estimating tip position is 2.8 mm for a manipulator length of 82 mm.
© 2019 Elsevier Ltd. All rights reserved.

1. Introduction
Continuum manipulators provide signiﬁcant advantages over traditional rigid-link robots in terms of locomotion and
dexterity. They are particularly useful in navigating constrained and cluttered environments due to their inherent large
number of degrees of freedom [1]. These characteristics make them conducive to exploratory operations such as search and
rescue. Soft and compliant manipulators utilize the deformation of elastic elements to achieve motion [2]. With compliance
matching, they can be safely used in intra-operative procedures since there is little risk of tissue damage, which makes them
suitable for minimally invasive surgery (MIS) [3,4].
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Fig. 1. A continuum manipulator subjected to multiple loads is shown. The actuation wrench (Wμ ∈ R6 ) is generated due to the interaction between
the external magnetic ﬁeld (Bm ∈ R3 ) and the dipole at the magnetic tip (C). Displacement boundary conditions are enforced at points (A and B) along the
length of the manipulator, resulting in reaction forces (FR1 ∈ R3 and FR2 ∈ R3 ). A framework for the analysis of continuum manipulators subjected to multiple
loads using pseudo rigid body models is presented in this paper.

However, the structural redundancy (multiple degrees of freedom) of continuum manipulators renders them diﬃcult to
model and control. Accurate modeling of such systems can be challenging due to the nonlinearities arising from material
properties and large deformation. Constant-curvature approximations help reduce the complexity associated with continuum
motion, but are limited to speciﬁc applications [5,6]. Another approach is to utilize Cosserat rods to develop geometricallyexact models [7,8]. Previously, Tang et al. used this method for estimating the shape of catheters and guidewires including
surface friction, with experimental validation for small deﬂections [9]. Till et al. analyzed a wire-driven parallel manipulator
[10]. Force estimation in continuum devices has been traditionally limited to single loads at the tip, whereas in reality
contact may occur anywhere along the manipulator length [11,12]. Recent work by Coevoet et al. and Zhang et al. has
studied shape and force estimation under contact for soft manipulators using a Finite Element Method (FEM) model [13,14].
In this paper, we present a pseudo rigid body modelling approach for estimation of deﬂection and shape of a
magnetically-actuated continuum manipulator, including environmental loads (Fig. 1). This is demonstrated through experimental validation of deﬂection and shape calculation in 3D for quasi-static scenarios, including estimation of contact and
non-contact loads that affect the motion of the manipulator. The framework used in this work can be adapted for other soft
or continuum manipulators.
Pseudo rigid body (PRB) models are numerical approximations of ﬂexible elements with springs for capturing the compliance and rigid links for estimating the kinematics of the system [15]. PRB models can be extended to encompass a variety of
mechanical deformation characteristics, and allow for simpliﬁed deﬁnitions of compliant elements to speed up computation
[16]. This also enables the models to be used for real-time control through inverse kinematics equations based on rigid-body
dynamics. Khoshnam et al. previously used a PRB model for analysis of planar deﬂection of catheters [17]. Greigarn et al. also
used a PRB model for catheter analysis, but it was limited to a speciﬁc catheter design and did not include interaction with
the environment or the effect of gravity [18,19]. Previous work by Roesthuis and Misra used a constant-curvature approach
combined with rigid-link modeling, but was restricted to manipulators undergoing planar deformations, and subjected only
to moment loads [20]. Huang et al. used a planar PRB model for analysis of a cable-driven continuum manipulator [21]. Open
and closed-loop experiments were performed on a magnetic catheter by Edelmann et al., but required prior knowledge of
external loads for numerical integration using Cosserat rods [22].
The PRB model presented here is generally applicable (in 3D) to manipulators made of ﬂexible materials with a high
aspect ratio (length to cross-section diameter). The framework also incorporates the response of the system to multiple external loads. This is demonstrated through the estimation of manipulator shape and contact forces with the environment,
through both Finite Element Analysis (FEA) and experiments. The discussion is limited to static conditions, but the model is
applicable to dynamic environments, and can handle large deformations. The model is deﬁned with dimensionless parameters to enable it to be extended to other loading scenarios. The PRB model deﬁnes the equations of motion in a simple
format that can be solved in real-time for closed-loop control. Compared to other methods in literature, the model can be
ﬁtted to a wide range of deformation characteristics even when accurate information about system properties is a priori
unavailable.
The experiments for validating the methodology are conducted with a magnetic catheter made from a thermoplastic
elastomer, for minimally invasive surgery. Magnetic actuation has the advantage of being non-contact and non-hazardous,
which makes it suitable for surgical applications [23]. It also has the beneﬁt of being frictionless, compared to conventional
cable-driven systems [24]. Magnetic catheters have been demonstrated to improve surgical eﬃciency through better control
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during catheter guidance [25]. In this work, the actuation is achieved using an array of six electromagnetic coils called
BigMag [26]. The coils can rotate around a spherical workspace with a diameter of approximately 10 cm. The system
is capable of producing magnetic ﬁelds of speciﬁed magnitude and direction at any point within the workspace. Two
cameras are also present in the setup which facilitate the sensing of the manipulator position and shape using stereo vision
techniques.
The rest of the paper is laid out as follows. Section 2 details the derivation of the PRB model using screw theory, followed
by the procedure for determining the optimal values of the PRB parameters in Section 3. The results of the optimization are
tabulated, with explanations and preliminary validation. Section 4 describes the experimental setup to test the accuracy of
the model and the results from the experiments. This is followed by a discussion of the contributions of the work, and ideas
for improving the accuracy. The last section summarizes the key points of the work presented here, and also looks at some
potential avenues for future work.

2. Pseudo-rigid-body model
In this section, a pseudo rigid body model is presented for determining the conﬁguration of a ﬂexible manipulator in
three-dimensional space, under the inﬂuence of external loads. The manipulator analyzed here is assumed to undergo quasistatic motion, and has a large ratio of length to diameter with predominantly bending characteristics. The framework for
deriving the model parameters and the method of analysis is generally applicable to manipulators with similar deformation
behavior.
Fig. 2 shows a ﬂexible manipulator in static equilibrium with loads (Wk ∈ R6 (k = 1, 2, 3 )) at points (Pk ∈ R3 ) along its
length, ﬁxed at end P0 . Each segment (Sk ) taken in isolation is in equilibrium with a load (W ∈ R6 ) at its ends. In this
paper, a PRB model with six degrees of freedom is used to approximate a given segment. The PRB model used here has four
rigid links of a given length (li ∈ R+ ), connected by three joints, each with two degrees of freedom. Each joint (i) at point
(ri ∈ R3 ) undergoes two angular deformations, ﬁrst by angle (ηi ∈ S ) about the y-axis, followed by (θi ∈ S ) about the z-axis.
The rotational stiffness of each degree of freedom is deﬁned by constants (Kηi , Kθi ∈ R+ ), corresponding to the respective
joint angles (ηi , θ i ).

Fig. 2. A schematic of a 3D pseudo rigid body model for analysis of a ﬂexible manipulator is shown. (a) The manipulator is ﬁxed at one end (P0 ∈ R3 ),
and deforms upon being subjected to loads (Wk ∈ R6 ) at points (Pk ∈ R3 ) (k = 1, 2, 3 ) along its length. The manipulator is partitioned into segments (S1 ,
S2 and S3 ) between two successive loads. (b) Each segment (Sk ) is in static equilibrium with tip load (W ∈ R6 ). Using the pseudo rigid body modeling
approach, the segment can be replaced by a series of rigid links (with length of link (i) deﬁned as li ∈ R+ ) connected by joints. In this work, a four-link
pseudo rigid body model is used, with joints at ri ∈ R3 (i = 1, 2, 3, 4, 5 ). (c) There are two successive intrinsic rotations at each joint: ﬁrst by an angle
(ηi ∈ S ) about the y-axis, followed by an angle (θi ∈ S ) about the z-axis (represented as R(ηi ) ∈ SO3 and R(θ i ) ∈ SO3, respectively).
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The transformation from joint (i) to joint (i + 1 ), Tii+1 ∈ SE(3) is given by

⎡

cηi cθi

⎢ s
Tii+1 = ⎢ ηi
⎣−sη c
i θi
0
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0
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where s∗ and c∗ are the sine and cosine of angle (∗ ), respectively. The coordinates of each joint (ri ) are calculated as
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In the above equation, the angles related to the ﬁrst joint (η1 and θ 1 ) have zero magnitude since the ﬁrst link is assumed
to be rigidly ﬁxed to the base frame.
The geometric twist between two successive degrees of freedom is calculated from the rotation axis (ω∗ ∈ R3 ) and the
position vector (q∗ ∈ R3 ). For joint (i),
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which allows us to deﬁne the associated twists (ζ η , ζ θ ∈ R6 ) as
i
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The spatial manipulator Jacobian is used to derive the statics equations for the PRB model [27]. The set of all the angles

( ∈ S6 ) that deﬁne the conﬁguration of the PRB model is

 = [η2 , θ2 , η3 , θ3 , η4 , θ4 ]T .
The Jacobian (J ∈ R6×6 ) is given by

J =
where
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ζ θi ,

(11)

li =0

where Ad(T) represents the adjoint transformation associated with the transformation matrix T.
The set of internal torques in the PRB model (τ ∈ R6 ) is represented as

τ = Kηi ηi Kθi θi



i = 2, 3, 4.

(12)

The load wrench (W) can be decomposed into a force (F ∈ R3 ) and a moment (M ∈ R3 ), and deﬁned in the spatial reference
frame as



W=



F
03×1
+
.
M
r5 × F

(13)
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The above deﬁnition of the external loads allows the inclusion of any form of actuation or contact that can be represented
as a point load. The static behavior of the PRB model can be determined using the following equation.

τ = (J )T W.

(14)

The above equation is a system of six nonlinear algebraic equations that can be solved to obtain the values of the six
variables (ηi , θi : i = 2, 3, 4) given any load wrench acting at the tip.
Eq. (14) can be extended to a system having multiple loads, such as the one shown in Fig. 2(a) with three loads acting
on it. Each segment (Sk ) can be replaced by the 6-DOF PRB model for analysis, with the ends of adjacent segments rigidly
attached to one another. The statics equations for the system are given by

⎡
 
J
τ1
⎢ 1
⎢
τ2 = ⎣ 0
τ3

T

J 1
J 2

0

T

J1

T

J2

0

J3

⎤
 
⎥ W1
T⎥
⎦ W2 ,
T

T

(15)

W3

where Jk is the Jacobian matrix associated with segment Sk , and τ k is the corresponding set of internal torques.
3. Parameter optimization
In this section, the values of the constant PRB parameters (li , Kηi and Kθi ) are determined using an optimization process.
This is accomplished using data obtained from other controlled and veriﬁable methods, such as high-ﬁdelity simulations
(theoretical data) and experiments (empirical data). Once the parameter values for a single PRB segment are calculated
using this approach, manipulators of similar materials and geometries can be modeled using the same parameters. The
optimal parameter values for the single segment model are used in Section 4 to analyze a manipulator with multiple loads
exerted on it.
3.1. Optimization framework
The PRB parameters are deﬁned with dimensionless variables as given below.

li = γi L

(16)

EI
,
L
EI
Kθ j = kθ j ,
L
Kη j = kη j

(17)
(18)

where i = 1, 2, 3, 4, j = 2, 3, 4, EI represents the ﬂexural rigidity (product of elastic modulus and area moment of inertia)
and L is the length of the manipulator segment. This allows the model to be extended to similar manipulators by using
appropriate material properties and geometric dimensions.
The optimization process calculates the best values of the PRB parameters so that the model closely matches the deformation behavior of the manipulator segment. From the veriﬁable data, a set of N static loading cases is extracted to be used
as the basis for optimization [28]. The error of the PRB model in modeling a speciﬁc loading case (k) is deﬁned as

ek = ||Yk − YPRB
k ||,

(19)

YPRB
k

where
is the coordinates of the tip (r5 ) calculated using the PRB model, and the corresponding results from the veriﬁable data are represented by Yk . If X is the set of PRB parameters to be optimized, the optimization problem can be deﬁned
as
N
1
ek ,
N

Minimize

f (X ) =

where

X = {γi , kη j , kθ j },

k=1

i = 1, 2, 3, 4
subject to

j = 2, 3, 4

(20)

Xlb ≤ X ≤ Xub ,
4


γi = 1,

i=1

where Xlb and Xub are the lower and upper bounds of the variables under optimization, respectively.
In this work, the model is deﬁned to be symmetric about the middle joint (r3 ), which has two advantages. Firstly, it
reduces the number of variables in the optimization, and secondly, it allows the implementation of boundary conditions at
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Table 1
Optimal values of dimensionless pseudo rigid body model parameters for minimizing the model error based on data from Finite Element Analysis. The parameters relate to the length of the pseudo rigid body segment (l1 = γ1 L,
where L is the length of the manipulator segment) and stiffness of the joints
(Kη j = kη j EIL , Kθ j = kθ j EIL , j = 2, 3, where E is the elastic modulus and I is the
second moment of area of the cross section of the manipulator).The optimization is performed over N = 7776 data points as described in Section 3.2. The
average error is estimating the tip position is 0.98% of the manipulator length.

γ1

kη2

kη3

k θ2

k θ3

0.1699

2.5064

4.8339

2.4914

5.0303

either end without affecting the analysis. This leads to the following relations.

γ1 = γ4

(21)

kη2 = kη4

(22)

k θ2 = k θ4

(23)

γ2 = γ3 = 0.5 − γ1 .

(24)

Therefore, there are ﬁve independent PRB parameters to be determined, namely γ 1 , kη2 , kη3 , kθ2 and kθ3 . The optimization was performed using the function fmincon in MATLAB (Version 9.2.0.556344, Mathworks Inc., Natick, Massachusetts,
U.S.A.).
3.2. Validation with ﬁnite element analysis
The proposed method using the PRB model is ﬁrst validated using FEA. A continuum manipulator is modeled in Ansys
Workbench (Version 16.2, Ansys Inc., Canonsburg, Pennsylvania, U.S.A.) using BEAM188 elements (2-node beam element in
3D) of 1 mm length. The optimization of the PRB parameters is initially performed for a single segment. Force and moment
loads are applied at the tip of the manipulator, while the other end is ﬁxed. The maximum and minimum values of the
forces (Fx , Fy , Fz ) are −4mN and 4mN, respectively, while those for the moments (My , Mz ) are −250 mN mm and 250 mN
mm, respectively. Torsional moments (Mx ) are not applied. A total of N = 7776 data points are obtained for a manipulator
of length 50 mm, with an elastic modulus (E) of 350 MPa and a bending moment of inertia (I) of 4.91 × 10− 2 mm4 .
The framework described in Section 3.1 is used to determine the optimal values of the PRB parameters, which are given
in Table 1. The average error in estimation of the tip position by the model compared to the FEA data is 0.488 mm (less than
1% of the manipulator length). Four deﬂected positions of the manipulator and the corresponding PRB model are shown in
Fig. 3.
The same parameter values are then used to analyze a manipulator with multiple segments. Point loads are applied at
speciﬁc positions along a length of 110 mm. The multi-segment model described in Eq. (15) is used to analyze the system,
and the results from the PRB model and FEA are plotted in Fig. 4. The plot shows good agreement between the two sets
of results, and the shape of the manipulator is estimated by the PRB model by an mean error of 0.36 mm along its length
across the three loading cases. These results demonstrate that once the optimal PRB parameters for a single segment are
determined, they can be used for similar manipulators of different lengths subjected to multiple loads.
4. Experiments and results
In this section, a magnetically-actuated surgical catheter is used to illustrate the application of the PRB model through
experiments. At ﬁrst, the PRB parameters are optimized for a segment with point loads at its free end, and then the same
values are used to predict the deformation of a similar device in a multiple-load scenario.
4.1. Experiment setup
The experiments are performed using an array of electromagnetic coils (BigMag [26]). The manipulator is a hollow tube
(diameter φ outer = 2 mm, φ inner = 1.2 mm) made of an elastomer (PEBAX 6663). Four Neodymium ring magnets (height h =
2 mm, diameter φ outer = 6 mm, φ inner = 2 mm, and mass m = 0.38 g) are attached to the tip of the tube. The magnetic dipole
(μ ∈ R3 , |μ| = 0.176 A/m2 ) acts along the axis of the ring magnets. The electromagnet coil array is capable of producing
a speciﬁed magnetic ﬁeld (Bm ∈ R3 ) at the tip of the manipulator. The ﬁeld produces a force (Fμ ∈ R3 ) and a moment
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Fig. 3. Comparison of optimized pseudo rigid body model (red) to manipulator shape from Finite Element Analysis (blue) calculated using Ansys Workbench (Version 16.2, Ansys Inc., Canonsburg, Pennsylvania, U.S.A.) for a single segment with tip loads. Four example conﬁgurations are shown (a, b, c, d).
The manipulator is ﬁxed at r0 and loads are applied at the tip locations (r∗5 ). The length of the undeformed manipulator is 50 mm. The tip loads in the
different conﬁgurations are: (a) F = (4, −2.5, 2.5 ) mN, M = (0, −250, −150 ) mN mm, (b) F = (−4, −4, −4 ) mN, M = (0, 0, 0 ) mN mm, (c) F = (0, 1, 2 ) mN,
M = (0, 0, 150 ) mN mm, (d) F = (−3, 1, 0 ) mN, M = (0, 200, −100 ) mN mm. (For interpretation of the references to colour in this ﬁgure legend, the reader
is referred to the web version of this article.)

Fig. 4. Comparison of optimized pseudo rigid body model (red) to manipulator shape from Finite Element Analysis (blue) for multiple external loads.
Three example conﬁgurations are shown (a, b, c). The manipulator is ﬁxed at P0 and the locations of the loads are marked P∗1 , P∗2 and P∗3 . The length
of the undeformed manipulator is 110 mm. The loads applied in the various conﬁgurations are: (a) : F1 = (0, 5.15, 0 ) mN, F2 = (0, 0, 4.91 ) mN, F3 =
(0, 0, −1 ) mN, M3 = (0, 100, −100 ) mN mm, (b) : F1 = (0, 2.69, −2.66 ) mN, F2 = (0, 0, −15.0 ) mN, F3 = (0, 0, −1 ) mN, M3 = (0, 100, −100 ) mN mm, (c) :
F1 = (0, 5.15, 0 ) mN, F2 = (0, 0, −1 ) mN, M2 = (0, 100, −100 ) mN mm. Note that conﬁguration (c) has only two points of loading. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

(Mμ ∈ R3 ) given by

Fμ = ∇ ( μ · Bm )

(25)

Mμ = μ × Bm

(26)

where μ is
mg ∈ R3 ) at
signiﬁcantly
The total

aligned with the axis of the manipulator tip. The mass of the magnets also produces a gravity force (Fg =
the same point (g ∈ R3 is the acceleration due to gravity). The mass of the manipulator is neglected since it is
smaller than that of the magnets.
force and moment at the manipulator tip (as deﬁned in Eq. (13)) are given by

F = Fμ + Fg

(27)

M = Mμ

(28)
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Fig. 5. The experimental setup for validating the pseudo rigid body model, with a continuum manipulator actuated by an array of six electromagnetic coils
(three are shown). The manipulator is ﬁxed at one end (directions of the axes at the base frame are shown) and permanent magnets are attached to the
other end. Fixtures are used to enforce displacement constraints for simulating a manipulator with environmental loads. The contact forces between the
ﬁxtures and the manipulator are measured using two three-axis force sensors (one is not in frame). The shape of the manipulator is captured in the xyand xz- planes using cameras.
Table 2
Minimum and maximum values of magnetic forces and moments
applied to manipulator tip when collecting data for optimization of
the pseudo rigid body model. The load values are calculated using
Eqs. (25) and (26) in the ﬁxed spatial reference frame, with knowledge of the applied magnetic ﬁeld and the direction of the magnetic
dipole at the tip of the manipulator.

Minimum
Maximum

Minimum
Maximum

Fμx (mN)

Fμy (mN)

Fμz (mN)

−11.1
9.46

−55.2
27.9

−23.9
30.4

x
Mμ
(mN mm)

y
Mμ
(mN mm)

z
Mμ
(mN mm)

−270.4
355.6

−1735.5
1630.1

−1687.4
1809.7

Table 3
Optimal values of dimensionless pseudo rigid body model parameters
for minimizing the model error based on experimental data. The parameters relate to the length of the pseudo rigid body segment (l1 =
γ1 L, where L is the length of the manipulator segment) and stiffness
of the joints (Kη j = kη j EIL , Kθ j = kθ j EIL , j = 2, 3, where EI represents the
ﬂexural rigidity of the manipulator).The optimization is performed over
N = 360 data points as described in Section 4.1.

γ1

kη2

kη3

k θ2

k θ3

0.1184

1.8895

5.6053

2.0106

5.0667

and is used to actuate the manipulator. The experimental setup is shown in Fig. 5. The manipulator shape is tracked with a
stereo vision system and reconstructed using a technique similar to the one described by Camarillo et al. [29].
4.2. Optimization results
The magnetic setup described above is used to generate a set of data for determining the PRB parameters for a single
manipulator segment of length 52 mm. The magnetic ﬁeld is applied to obtain deﬂected manipulator conﬁgurations using
vision-based tracking from the cameras, and data (magnetic ﬁeld and manipualtor shape for N = 360 points) is collected.
The range of loads used in the experiment is given in Table 2. The optimization framework is applied to ﬁt the model and
the resulting PRB parameter values are given in Table 3. The optimized PRB model estimates the position of the manipulator
tip with an error of 2.2 ± 1.76 mm over the entire range of data. The high standard deviation arises from error at a few data
points where the magnet is close to the electromagnetic coils (very large forces). The accuracy of the model is also illustrated
through four representative manipulator conﬁgurations in Fig. 6.
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Fig. 6. Comparison of optimized pseudo rigid body model (red) to manipulator shape from experiments (blue) for a single segment with tip loads.
Four example conﬁgurations are shown (a, b, c and d). The manipulator is ﬁxed at r1 and loads are applied at the tip locations (r∗5 , where ∗ is (a),
(b), (c) or (d)). The length of the undeformed manipulator is 52 mm. The tip loads in the different conﬁgurations are: (a) F = (1.27, 0.21, −1.62 ) mN,
M = (−1580, −780, −1360 ) mN mm, (b) F = (1.27, 0.83, −0.14 ) mN, M = (−160, 0, −1330 ) mN mm, (c) F = (−0.10, 1.43, −0.08 ) mN, M = (0, 510, 0 ) mN
mm, (d) F = (−4.32, −3.77, −6.07 ) mN, M = (210, 0, 1500 ) mN mm. (For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article.)

4.3. Multi-load experiments
In this section, the application of the optimized PRB model for the analysis of a manipulator subjected to multiple loads
is demonstrated. Similar to Fig. 2(a), the manipulator is ﬁxed at one end P0 and actuated by magnetic loads and gravity at
end P3 . Two displacement constraints are applied at points P1 and P2 , leading to reaction forces F1 and F2 . It is assumed that
there are no moment reactions since there are no orientation constraints. Here, the analysis involves calculating the reaction
forces and the manipulator shape, when the actuation loads and position of displacement constraints are known. If F3 , M3 ,
P1 and P2 are known, the PRB angles (i , i = 1, 2, 3), and the forces (F1 and F2 ) can be determined using Eqs. (2) and (15),
a system of 24 equations in as many unknowns. The equations were solved using fsolve function in MATLAB (Version
9.2.0.556344).
The displacement constraints are applied using two ﬁxtures, which are designed to constrain the manipulator only in the
lateral direction (y and z axes), while allowing slippage in the axial direction (x axis). Due to this, the x-component of the
reaction forces is assumed to be zero for the analysis. The ﬁxtures are printed using acrylonitrile butadiene styrene (ABS)
and are attached to three-axis force sensors (Model number: K3D40 from ME-Meßsysteme GmbH, Hennigsdorf, Germany).
The total length of the manipulator for this experiment is 82 mm. The locations of the constraints (P1 and P2 ) are calculated
when the magnetic ﬁeld is zero.
The experiment was run for 169 values of the actuation load, and the shape and force data were recorded. The forces
were also estimated using the PRB model as described above (with the parameter values in Table 3), and the values obtained
from the model were compared against those from the experiment in Fig. 7. The mean error in estimating the reaction forces
was 140 mN and 27 mN for the y and z components of F1 , and 45 mN and 32 mN for F2 .
The shape of the manipulator as deﬁned by the PRB model was determined using 3D splines. The splines were then
compared against the recorded shape data from the cameras at 25 points along the length of the manipulator. For a given
frame (i), the error in shape estimation (esi ∈ R+ ) using the PRB model is calculated as

esi =

25


||rEi,k − rPi,k ||

(29)

k=1

where rEi,k ∈ R3 and rPi,k ∈ R3 refer to the coordinates of the points obtained from experiment and PRB model, respectively.
The mean error in estimating the shape along the manipulator length was 1.2 ± 0.23 mm, also shown as a histogram in
Fig. 8. The PRB model is plotted against the deformed manipulator conﬁgurations for two frames in Fig. 9.
4.4. Discussion
The error in estimation of the y-component of F1 is higher than others, which could be because the force is outside
the range of loads used for the parameter optimization. The errors could also be due to deformation of the ﬁxtures during
the experiment, which means the displacement constraints are not maintained perfectly. For the manipulator shape, it was
noticed that a major portion of the error was in the ﬁrst PRB segment (between P0 and P1 ) due to the manipulator not

V.K. Venkiteswaran, J. Sikorski and S. Misra / Mechanism and Machine Theory 139 (2019) 34–45

43

Fig. 7. Comparison of constraint forces obtained from experiments (Expt) to those calculated using the pseudo rigid body model (PRB). Displacement
constraints are applied at two points along the length of the manipulator, and the corresponding reaction forces are named F1 and F2 . The top plot
shows the forces in the direction of the y-axis (horizontal plane), and the bottom one shows the force in the direction of the z-axis (vertical plane). (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 8. A histogram of the error in shape estimation of the manipulator by the PRB model under multiple loads. The chart denotes the average distance
between a spline through the PRB points and the tracking data obtained from experiments, across 169 occurrences.

being fully constrained at the base. It is also noticeable in Fig. 9 that the red dots obtained from the stereo-vision tracking
system do not follow the shape of the manipulator perfectly, especially close to the ﬁxed base. In spite of these issues,
the estimated reaction forces and deformed shapes are close to the experimental results. The estimation of contact forces
described here requires knowledge of the positions of the constraints (P1 and P2 ), which may not be readily available during
application. If the manipulator is enclosed in a conduit, this can be addressed by providing the shape of the conduit and
restricting the shape of the manipulator to stay within the permitted volume.
It is possible to increase the number of segments to achieve higher accuracy, but that will require a trade-off with
computation time (In the work shown here, the single PRB model takes 6.8 ms while the combined model with external
forces requires 174.5 ms on average for one calculation on a 8GB, 3.60 GHz Intel i7 machine running Windows 10). Nonlinear
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Fig. 9. The shape of the manipulator calculated using the pseudo rigid body model (black lines with yellow circles) is overlaid with the photographs from
experiment. The manipulator (in blue) is ﬁxed at P0 and displacement constraints are applied at P1 and P2 using the supports shown in white. The forces at
these points are measured using two 3-axis force sensors (not shown). The manipulator is divided into three segments, and each segment is approximated
by a PRB model with four rigid links. The red dots are used to deﬁne a polynomial curve for the manipulator shape, obtained using a tracking method
similar to Ref. [29]. The magnetic tip is at P3 and is actuated by an external magnetic ﬁeld using an array of electromagnetic coils. The results of two
instances of the experiment are shown, corresponding to frames 40 and 97 in Fig. 7. (For interpretation of the references to colour in this ﬁgure legend,
the reader is referred to the web version of this article.)

spring stiffnesses can be introduced if the accuracy using linear springs is considered to be insuﬃcient. A larger pool of
data for optimization will also help in reducing error. The model can also incorporate more complex behavior —for instance,
a manipulator with an initial curvature can be deﬁned with non-zero equilibrium angles. Twisting, shear and extension
effects can also be integrated using suitable mechanical elements. Gravity has been included as a point load at the tip, but
a distributed load proﬁle can also be introduced with a bias in the vertical plane of the model.
5. Conclusions and future work
In this study, a framework is presented for the analysis of continuum manipulators using PRB models under quasi-static
conditions. The method is applied for estimating the reaction forces and shape of a manipulator subjected to environmental constraints. An optimized PRB model is developed for a single segment, and the same parameter values are used for
analyzing a manipulator with multiple loads exerted on it. The model shows good agreement with experiments in estimating the forces (61 mN mean error) and predicting the deformed shape of the manipulator (1.2 mm error in shape along
length), while allowing for fast computation. While the PRB model is not derived from fundamental principles of elastic
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rods, the adaptability of the optimization approach allows the same framework to be used for various types of continuum
manipulators.
In the future, this approach will be applied to model the interaction of a manipulator with its environment, and extended
to closed-loop control of manipulator motion. The use of the model for transient analysis and time-varying loads will also
be studied. The model can also be combined with other sensing modalities, such as Fiber Bragg Grating Sensors (FBGS) or
ultrasound scanning to be used for surgical applications.
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