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Abstract—Magnetic actuation is a versatile technology, widely
applied in medical robotics for noncontact steering of flexible
instruments and untethered agents. In this article, we exploit the
benefits of this technology by developing a magnetically actuated
flexible catheter capable of the controlled ejection and retrieval
of an untethered magnetic capsule. The catheter is actuated by the
advanced robotics for magnetic manipulation system. The scanning
ultrasound is used for 3-D shape reconstruction of the catheter,
with a mean error of 0.37 mm. We use a closed-loop position
controller to steer the catheter, reporting a mean error of 0.82 mm.
We develop a dynamic model of the capsule and use it to predict
the trajectory of the projectile. We demonstrate the targeting of
the capsule utilizing the null-space of the catheter actuation (mean
residual tip displacement of 0.8 mm). Finally, we perform a delivery
of a capsule to and retrieval from a target inaccessible for the
catheter tip, demonstrating the capability of our instrument to
reach challenging locations.

Index Terms—Magnetic Devices, medical robots and systems,
motion control, surgical robotics: steerable catheters/needles.

I. INTRODUCTION

IN THE last decade, the magnetic actuation has become one
of the most promising technologies for noncontact steering

of robotic medical devices. The capability of remotely exerting
a magnetic wrench at any point within a given workspace
has a potential of shifting the design paradigms for steerable
medical instruments. By employing magnetic actuation instru-
ments for minimally invasive surgery (MIS) can be made safer,
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smaller, and more dexterous than the ones currently used in
clinical practice [1].

The advantages of magnetic actuation are particularly promi-
nent in the field of flexible surgical instruments. Magnetism
has been employed to create steerable catheters which are not
burdened with the problems of friction, hysteresis, and backlash
inherent to classical tendon-driven actuation [2]. Several stud-
ies have demonstrated controlled motion of simple magnetic
catheters designed for procedures within the cardiovascular
system [3]–[6]. Furthermore, the recent surge of research in
this field provided means through which magnetic catheters can
enable a whole new group of MIS procedures. Examples include
catheters with controllable mechanical properties or function-
alized elements, allowing tasks such as grasping, cutting, or
tissue coagulation [5], [7]–[9].

Concurrently with the research on flexible catheters, the use
of small-scale untethered agents as novel surgical tools has
also attracted abundant scientific attention due to the ability of
these agents to interact with the human body at submillimeter
scale [10]. Magnetic actuation is one of the key technologies
enabling noncontact controlled movement of these agents [11].
Specifically, magnetic untethered milli-/micro-robotic agents
have been demonstrated to perform various clinically relevant
tasks such as targeted drug delivery, grasping, or tissue pen-
etration [12]–[14]. An extensive review of current advances
in the field of medical milli-/micro-robotics is presented
by Sitti et al. [15].

Despite the clinical potential demonstrated by magnetic
catheters and untethered milli-/micro-robotic agents in numer-
ous studies, the practical applications of these devices are limited
by sets of complementary challenges. Magnetic catheters are
burdened with high-bandwidth dynamical behavior due to their
continuously bending structure [16]. Control of this behavior
is challenging, which limits the reach and precision of instru-
ments integrated into the catheters, usually at their distal end
(tip) [6]. This is particularly pronounced when large deflections
are required to operate in anatomically complex locations. [4].
Nevertheless, the continuum structure allows the catheters to
easily traverse large distances inside the simple, tubular cavities
of human body, such as blood vessels or urinary tract, relying on
compliance matching for safety [17]. In turn, covering large dis-
tances is challenging for untethered milli-/micro-robotic agents.
However, once they are successfully delivered close to their
final target, they can precisely follow challenging (e.g., tightly
curved) trajectories.
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Fig. 1. In this study, we present a magnetic catheter capable of controlled
release of untethered capsules fitted in the dock at the catheter tip. The position
of that tip is controlled under the guidance of scanning ultrasound. The catheter
is actuated using external magnetic field provided by the ARMM system. Upon
reaching a desired target, the capsule is ejected by reversing the direction of
the current in a miniaturized electromagnet integrated into the catheter tip. We
deliver our capsules using an open-loop approach. Upon ejection, the capsule
moves as a projectile in the static magnetic field of the ARMM system along a
fixed trajectory (yellow line). Using a state-space model of the projectile, we can
predict that trajectory. Since our system is overactuated, the reconfiguration of
the ARMM system can be used for retargeting the projectile, such that it reaches
a desired target (orange line).

The complementary characteristics of catheters and milli-
/micro-robotic agents can be exploited to create advanced mag-
netic surgical instruments. By using design principles associated
with both classes of devices within a single system, the inherent
advantages of one class can be used to offset the limitations of
the other one. A recent study, presenting a mobile, yet tethered
magnet as a tool for force control could be considered an early
example of this approach [18]. Nevertheless, to the authors’ best
knowledge, the area remains unexplored in terms of advanced
catheter designs capable of autonomous operations in clinically
relevant tasks.

In this article, we demonstrate a robotic instrument, which
combines a catheter and a milli-robotic agent within a sin-
gle, magnetically actuated device. Our catheter (Fig. 1) has a
miniaturized electromagnetic coil at its tip. This coil can be
employed to steer the catheter using external magnetic field
provided by the advanced robotics for magnetic manipulation
(ARMM) system [19]. Furthermore, since the magnetic field
of the miniaturized coil is controllable, we employ the catheter
for controlled release and retrieval of an untethered, magnetic,

millimeter-scale capsule. The catheter, transporting the capsule
at its tip, can be steered into a deeply seated location within the
body using the external magnetic field of the ARMM system.
Upon arrival within the target workspace, the capsule is ejected
from its tip and magnetically steered as an untethered agent. This
way, we are capable of accessing locations, which are beyond
the reach of the tip of the catheter.

Throughout the procedure, we track our catheter using an
ultrasound scanner. We also use this modality to realize closed-
loop position control, guiding the catheter tip to the location,
where the capsule is to be released. Once ejected, the capsules
are considered to behave as projectiles moving in static magnetic
field provided by the ARMM system. We demonstrate that,
by reconfiguring the ARMM system within the null-space of
magnetic actuation, the capsules can often be targeted to reach
a given location while keeping the catheter tip steady. We show
that this approach readily allows to access targets inaccessible
for the catheter itself. Additionally, we derive a dynamical model
describing the projectile motion. We show that this model can be
used to predict capsule trajectory and analyze the set of reachable
targets for a given configuration of the catheter. Our platform can
in the future serve for clinically relevant tasks, such as targeted
drug delivery or biopsies, performed in challenging locations.

The rest of this article is structured as follows. Section II in-
troduces the design of our catheter for the delivery of untethered
capsules and the experimental setup used to test it. In Section III,
the ultrasound-based shape reconstruction technique used in
this article is presented and validated. Section IV describes the
closed-loop position controller of the catheter tip and its experi-
mental validation. Section V concerns the motion of the ejected
capsule, introducing its dynamic model and demonstrating how
to use this model to compute a set of reachable targets for a
particular catheter configuration. Section VI contains the exper-
iments on various aspects of catheter-based capsule delivery. In
Section VII, we provide a general discussion of all our findings.
Finally, Section VIII concludes this article.

II. MAGNETIC CATHETER FOR CAPSULE DELIVERY: SYSTEM

COMPOSITION

The system presented in this article exploits the principles of
magnetic actuation. This technique utilizes external magnetic
field (B(p) ∈ R3) to generate magnetic wrenches (wμ ∈ R6)
acting on a magnetic object located at a point (p ∈ R3). If the
magnetic object is represented by its dipole moment (μ ∈ R3),
the resulting magnetic wrench on the object can be described as
follows:

wμ =

[
fμ

τμ

]
=

[
∇
(
μTB(p)

)
S (μ)B(p)

]
(1)

where τμ ∈ R3 is the magnetic torque due to the magnetic field,
fμ ∈ R3 is the magnetic force dependent on its spatial gradient
(∇B ∈ R3×3), and, for any vector, the operator S represents its
skew-symmetric form.
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Fig. 2. Design: A magnetic catheter can be used to deliver and retrieve unteth-
ered capsules to challenging locations. Functionality: Initially, the capsule is
attracted to the electromagnetic coil at the tip of the catheter. The catheter in such
a configuration is steered to the target site using magnetic wrenches (w ∈ R6)
due to external field. 1© Once close to the target, the capsule is released by
changing the direction of the current in the miniaturized coil. 2© The ejected
capsule moves (yellow) as a projectile under the influence of magnetic force
(fµ ∈ R3) due to external field. The capsule can be used as a platform for tasks
such as biopsy or targeted drug delivery. 3© After the completion of such a task,
the capsule is retrieved from the target site by steering it to the vicinity of the
catheter tip.

A. Catheter Design and Functionality

Our catheter is designed exploiting the magnetic interac-
tion (1) between two components: a miniaturized electromagnet
and a polymeric capsule (Fig. 2, Top). The capsule is made
of a soft composite with a hard magnetic phase, whose net
magnetization is represented by a dipole moment (μp ∈ R3).
It is fitted inside a rigid dock, located at the tip of the catheter.
The miniaturized coil is also located at the tip, proximally to the
capsule dock. The coil is magnetized by the current (Ic ∈ R),
which we represent by a magnetic dipole moment (μc ∈ R3).

The three-way interaction between the capsule, the electro-
magnet, and the external magnetic field can be used in a number
of ways. The miniaturized coil can be used to attract or repel a
capsule. The external magnetic field can deflect the catheter or
propel a detached capsule. This broad set of interactions can be

used sequentially to realize a procedure, where the soft capsule is
delivered to a target site, detached, guided to its final destination,
and then again retrieved by the catheter (Fig. 2, Stages 1 and
2). Since the capsule is an untethered agent, it is able to reach
locations inaccessible to the tip of the catheter.

Our procedure can be divided into two stages. In Stage 1, the
magnetic attraction between the two dipoles is used to stabilize
the position of the capsule. This permits the navigation of the
catheter to the target site. Since the coil and the capsule are
effectively a part of the same rigid body, we use the interaction
of their combined dipole moment (μ) with a source of exter-
nal magnetic field to control the catheter tip position using
magnetic wrenches (w).

Upon reaching the target area, Stage 2 of our procedure can
take place. Once the tip is close to the target, we eject the capsule
from the dock by reversing the current (Ic), which creates a
strong repulsive force. Upon release, the capsule moves as an
untethered projectile. It can be guided toward its final target
using the source external magnetic field.

The untethered capsule is assumed to be functionalized for
a specific task, such as drug delivery. After the completion
of that task, the capsule can be retrieved by the catheter. For
that purpose, the capsule must be brought to the vicinity of the
miniaturized electromagnet by external forces. Once the capsule
gets attracted to the catheter tip, the entire system can be retracted
from the workspace.

B. Prototype Fabrication

Our catheter is validated in a proof-of-concept study involving
a functional prototype. The prototype (Fig. 2) comprises an elec-
tromagnetic tip mounted onto the flexible shaft extruded from
Pebax 6333 thermoactive polymer (length 60 mm, ø 2 mm). The
outer shell of the end-effector is fabricated from a photoactive
resin using stereolitographic 3-D printing (Prusa SL1, Prusa
Research, Prague, Czech Republic). In the proximal compart-
ment of the end effector, we locate a custom-made copper-wire
electromagnetic coil with stainless steel core (coil ø 6 mm, core
ø 3 mm, wire ø 0.25 mm, length 10 mm, and resistance 1.1 Ω)
powered by insulated leads, which are fixed inside the flexible
shaft. The coil is powered by a current of 0.75 A supplied by
an iPOS4808 BX-CAT current controller (Technosoft Motion,
Neuchatel, Switzerland).

The soft magnetic capsules used in the proof-of-concept
study are fabricated of a composite comprising EcoflexTM 00-10
(Smooth-On Inc., Macungie, PA, USA) silicone rubber mixed
with praseodymium-iron-boron (PrFeB) hard magnetic parti-
cles (MQFP-16-7-11277, Magnequench GmbH, Germany). The
rubber and the particles are mixed in 1:1 ratio by mass. The
composite is cured, forming a large cylindrical block (ø 20 mm,
height 100 mm), which is subsequently magnetized under the
field of 2 T. Finally, the block is cut into individual capsules
(length 6 mm ø 4 mm).

C. Experimental Setup

We test our catheter experimentally in a dedicated test-bed
shown in Fig. 3. The catheter is inserted into a Poly methyl
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Fig. 3. Test-bed used for experimental studies involving our magnetic catheter.
The ARMM system is used to control the catheter in a water-filled tank.
The catheter is inserted into the tank using an LX15 linear actuator (Misumi
Europa GmbH, Schwalbach am Taunus, Germany). During the experiments,
the catheter is tracked using the scanning ultrasound technique through an
ultrasound-transparent wall made out of silicon rubber.

metacrylate (PMMA) tank filled with water, using LX15 lin-
ear actuator (Misumi Europa GmbH, Schwalbach am Taunus,
Germany), position-controlled using iPOS4808 BX-CAT drives
(Technosoft Motion). The ultrasound scanner is mounted at the
side of the tank, imaging the water-filled volume through a
silicon membrane.

As mentioned earlier, the steering of our catheter requires a
source of external magnetic field (B(p)). For the purpose of this
study, we integrate our catheter within the ARMM system. This
system uses a mobile coil fixed on a UR10 robotic arm (Universal
Robots, Odense, Denmark), being capable of generating B(p)
in workspaces spanning the entire human body. A detailed
description of the system and the rationale behind its design
are presented in our prior work [19].

III. CATHETER SHAPE RECONSTRUCTION USING

SCANNING ULTRASOUND

As our magnetic catheter is designed to operate within the con-
fines of the human body, a clinically relevant feedback modality
must be available, providing information about the configuration
and location of the catheter for the purpose of closed-loop
control. For that purpose, we employ ultrasound. During all
stages of operation, we acquire volume scans of the catheter
within its environment using a mobile 2-D ultrasound probe.
Subsequently, the scans are processed to segment the silhouette
of the catheter and retrieve its mechanical configuration.

Fig. 4. PRB configuration of the catheter is reconstructed by using volumetric
ultrasound scan technique. A 14-MHz L14-5/38 2-D ultrasound transducer of
the Ultrasonix SonixTouchQ+ system (BK Medical, Peabody, MA, USA) is
located in the workspace and registered with respect to its frame of reference
({G′}). The transducer is periodically swept along (GG′ ŷ ∈ R3). A stack of
position-ordered two-dimensional ultrasound frames is collected during a single
sweep. The silhouette of the catheter, spanning between the frames at its base
({B}) and tip ({C}), is extracted from the stack iteratively by a template-based
tracker similar to [20]. The PRB model is then reconstructed from the resulting
point-cloud by using the technique presented in our previous work [6].

A. Ultrasound Scanner: System Composition

We realize this method, using an ultrasound scanner system
(Fig. 4), built specifically for the study. The scanner comprises a
14-MHz L14-5/38 2-D ultrasound transducer (Ultrasonix Sonix-
TouchQ+, BK Medical, Peabody, MA, USA) on a motorized
linear stage. During the catheter navigation, the scanner sweeps
the transducer periodically between two position limits, produc-
ing two-dimensional B-mode images (660 × 616 pixels each) at
36 Hz (Fig. 4). A stack of these images, along with their locations
expressed in workspace frame of reference ({G′}), is recorded
for each sweep of the scanner.

The silhouette of the catheter is located on each B-mode
image using a template tracker described by Kaya et al. [20].
This tracker has been used in conjunction with a point-cloud
assembly technique devised specifically for this study. The pix-
els comprising the silhouette are segmented based on a constant
threshold value. Pixels from all processed ultrasound images
are assembled into a point-cloud using the information about
the position of each image within the stack.

The point-cloud is processed by an iterative algorithm, which
has already been presented in our previous work [6]. This
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Fig. 5. Accuracy of the catheter tracking using scanning ultrasound technique is established using two mock-ups with predefined shapes as a ground truth. The
mock-ups are 3-D printed and fixed in a known pose within the experimental test-bed. The ultrasound scanner is used to collect five independent stacks of B-mode
images corresponding to each mock-up. Each stack is processed using our shape reconstruction algorithm to recover a polynomial model. The same polynomial
model is fitted onto a set of points along the centerline of each mock-up, generating ground truth. The error metrics are generated by comparing the positions of 100
points at corresponding lengths along the continuous shape. The errors between the shapes reconstructed from individual stacks are negligible (below 0.1 mm).

algorithm provides a sixth-order polynomial representing the
shape of the catheter as a continuous function. This polynomial
function is subsequently processed to fit a kinematic model
describing the configuration of the catheter in global reference
frame. The sixth order has been deemed optimal based on the
validation presented in [6].

B. Validation of Ultrasound Shape Reconstruction

We quantify the accuracy of our shape reconstruction method
using two mock-ups with known shapes as a ground truth
(Fig. 5). The mock-ups are designed using SolidWorks 2018
CAD (Dassault Systèmes, Vélizy-Villacoublay, France) and
printed using Form2 SLA 3D printer (Formlabs Inc., Somerville,
MA, USA). Subsequently, they are fixed within the test-bed,
with their poses registered with respect to the frame {G}}. The
ultrasound scanner is used to acquire five independent stacks of
images representing each mock-up.

Each image stack is processed independently by our shape
reconstruction algorithm (Fig. 4) to obtain a polynomial rep-
resentation. Subsequently, the CAD models are converted into
a set of points along the centerline of each mock-up. These
points are used to fit the ground truth polynomials. The ground
truth is compared with the reconstruction by using the respective
polynomials to generate sets of 100 3-D points at corresponding
positions along the shape.

The results (Fig. 5) show good correspondence of the recon-
structed shapes with the ground truth with the mean errors of
0.37 and 0.63 mm. We additionally quantify the standard devi-
ations of the errors, which are 0.24 and 0.58 mm for mock-ups
1 and 2, respectively. The discrepancies between the individual
scanning stacks are negligible (below 0.1 mm). This allows us
to conclude that the scanning ultrasound has sufficient precision
as a tracking method for our magnetic catheter.

IV. POSITION CONTROL OF A CATHETER USING A

MOBILE ELECTROMAGNET

In this section, we propose a method for autonomous steering
of the tip of a magnetic catheter with a single mobile elec-
tromagnet. We model the system, considering four principal
coordinate reference frames. The frames are shown in Fig. 6. The
global reference frame ({G}) is located at the base of the robotic
arm. The generalized coordinates of the UR10 joints (qm ∈ S6)
define the pose of the end-effector frame ({T }) located on the
distal face of the electromagnet. The mathematical description
of the catheter uses two frames: {B} at its base and {C}
at its tip.

The linear transformation between any two frames ({J }) and
({K}) is represented by homogeneous transformation matrices
(JKH ∈ SE(3)) as follows:

J
KH =

[
J
KR

J
Kp

01×3 1

]
(2)

where

J
KR =

[
J
K x̂

J
K ŷ

J
K ẑ
]
∈ SO(3), (3)

J
Kp =

[
J
Kx

J
Ky

J
Kz
]T

∈ R3. (4)

The matrices associated with the end-effector frame ({T })
are calculated from instantaneous generalized coordinates (qm)
of the ARMM system [21]. The pose of the catheter is retrieved
using the scanning ultrasound technique.

A. Tip Position Controller

In our steering strategy, the forward motion of the catheter is
provided by an automated inserter, capable of applying arbitrary
displacements (λ ∈ R) along the neutral axis of the catheter
(λ̂ ∈ R3). The deflection of the flexible body of the catheter
away from that axis is achieved by using the magnetic field
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Fig. 6. We demonstrate autonomous operation of our magnetic catheter using the ARMM system as the actuation framework. This system employs a 6-DoF UR10
manipulator (Universal Robots, Odense, Denmark) to position an electromagnetic coil within a large workspace. The magnetic field generated by the ARMM coil
interacts with the magnetic element at the tip of the catheter, generating wrenches (w ∈ R6). In order to describe the effect of w on the shape of the catheter, we use
the PRB model, expressed in catheter base frame ({B}). This model represents the continuously bending catheter by a series of rigid links connected by compliant
joints. Each joint (i) is parametrized by two angle variables (qxi , qyi ∈ S), based on the internal bending moment (mi ∈ R3) at the joint due to external load,
including w. The total deflection of all PRB joints determines the pose of the tip frame({C}). The actuation model is simplified by imposing a spherical motion
model. The UR10 joint variables (qm ∈ S6) are controlled in such a way that the Z-axis of the ARMM tool frame ({T }) always points toward catheter tip ({C}),
and the offset (dc ∈ R3) is minimized. The resulting position of the ARMM coil can be parametrized in spherical coordinates (s =

[
r θ φ

]
∈ R+ × S2).

By finding the relation between s and w, the catheter can be remotely navigated in global reference frame ({G}) using inverse model control.

(B(GCp)) and its gradient (∇B)generated by the ARMM system.
At any instance of time, the field/gradient depends on the config-
uration of the electromagnetic coil (GT H) and the current (I ∈ R)
running through it. By controlling these variables, wrenches
(wμ) can be applied to the effective dipole (μ), which is located
at G

Cp. We assume this dipole to be constant and invariant to the
external magnetic field/gradient.

We model the catheter deflection due to wμ using a quasi-
static pseudo-rigid body (PRB) model presented in detail in
our previous work [6]. The continuously bending body of the
catheter is divided into discrete, pseudo-rigid links, while its
stiffness is represented by torsional elements within 2-DoF joints
connecting the links. By assuming very slow motion of the
catheter, we can neglect its transient dynamics [4]. Thus, analytic
relation between the magnetic wrench rate (ẇ) and catheter tip
velocity becomes

Jaẇμ = ṗ (5)

where Ja is the catheter actuation Jacobian derived as in [6].
Having independent control over the elements of wrench

(wμ) would allow us for direct application of (5) in an in-
verse model controller. However, the ARMM system relies on
controlled motion of the coil to generate the desired B(p).
Therefore, the behavior of the ARMM system has to be explicitly
taken into account while designing the controller for our catheter.

We divide the controller into two cascades, making the inner loop
responsible for low-level motion of the UR10 described by a set
of parameters. The outer loop will control these parameters to
steer the tip position (GCp) along a trajectory. The entire control
strategy is summarized in Fig. 7.

At any given configuration, the effect of UR10 joint angles
(qm) and current (I) on the magnetic wrench (w) can be
described by a magnetic field model. In our work, we use a
multipole expansion approach similar to [22]. The resulting
analytic forward model accurately describes magnetic fields and
gradients around a coil located at any point in space.

The use of a complete multipole representation for catheter
control using a mobile electromagnet is impractical, as it neces-
sitates the use of a highly nonlinear differential formulation. If
used in an unconstrained inverse map, this formulation generates
fast and unpredictable motion of the magnet for a given field
reference trajectory, as observed empirically. As a result, it
proves unsafe without collision avoidance algorithms in place.
We remedy that by using a set of spherical coordinates to define
the position of the coil with respect to the catheter tip. This
approach implicitly constrains the motion of the electromagnet.
As a result, the behavior of the system improves significantly.
Additionally, the motion along the spherical coordinates allows
us to intuitively impose constraints on the system by using
weighted least-squares approach.

We introduce our approach by assuming that the dipole frame
({C}) is always located on axis (GT ẑ). Thus, the position of the
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Fig. 7. Control system (blue) proposed in this work is used to track the reference position of the magnetic catheter (GCpref. ∈ R3). The catheter shape
(P(s), defined as in [6]) is manipulated using the ARMM system by exerting magnetic wrench (wµ ∈ R6) at the tip of the catheter and the displacement (λ ∈ R)

at its base. The behavior of the ARMM system is driven by specifying the robot joint velocity (q̇m ∈ R7), reference inserter position (λ̇ref. ∈ R), and coil current
(I ∈ R). These values are computed in a two-stage control approach. The inner controller enforces spherical motion (Fig. 6) with parameters (sref. ∈ R+ × S2).
These parameters are calculated by the inverse model controller, which uses the linearized, reduced-order inverse model of the system (A† ∈ R5×3) to minimize
the error between G

Cpref. and the actual position estimate (GCp ∈ R3). We provide the feedback to both control stages by tracking the shape of the catheter using
linear scanning ultrasound technique. This technique generates a point cloud (V), processed to retrieve the estimates of the PRB configuration of the catheter
(qc ∈ R8). For the purpose of spherical motion control, the actual sphere parameters (s ∈ R+ × S2) and the offset (oc ∈ R3) between the center of the sphere
and the catheter tip are calculated using the information about ARMM and catheter configuration. The gain matrices (Kc, Ke ∈ R3×3) are used to tune the
performance of both control stages.

coil can be parametrized by spherical coordinates

s =
[
r θ φ

]
∈ R+× S2 (6)

as shown in Fig. 6. If (r ∈ R+) denotes the distance from the
face of the coil, the magnetic field and its gradient along that
axis expressed in frame ({T }) can be computed as follows:

B = I [0 0 1]T b(r, I) (7)

∇B = diag ([−0.5 − 0.5 1]) I
∂b

∂r
(8)

where (b(r, I) : R+ × R+ �→ R) is the field model described in
detail in the Appendix.

Subsequently, combining (1) and (7), the magnetic wrench
(wμ) can be expressed in frame ({C}) as a function of control
parameters (s, I) as follows:

wμ (s, I) = Iμ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

− 3
2 sinθ sinφ cosφ 0
3
2cosθ sinφ cosφ 0

sin2φ− 1
2cos2φ 0

0 −cosθ cosφ

0 −sinθ cosφ

0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎣ ∂b

∂r
b(r)

⎤⎦ .

(9)

We initialize the system such that the tip of the catheter is
located in the close vicinity of the long axis of the coil (CT ẑ).
Hence, we assume that (7) holds. The UR10 provides direct
control over its joint velocities (q̇m). Hence, we enforce the

spherical motion with the inverse Jacobian controller

q̇m = J−1
t

([
Ko

T
C Rdc

03×1

]
+KeJees

)
(10)

where Jt ∈ R6×6 is the UR10 end-effector Jacobian, (dc ∈ R3)
is the offset of the dipole center from the coil axis (CT ẑ), and
K0,Ke ∈ R3×3 are the positive-definite gain matrices. The
matrix (Je ∈ R6×3) which is defined as follows:

Je =

⎡⎢⎣ 0 0 −1 0 0 0

rcosφ 0 0 0 −cosφ −sinφ

0 r 0 −1 0 0

⎤⎥⎦
T

(11)

maps the spherical motion to velocity of the origin of frame
({T }). The controller minimizes both the offset (dc) as well
as the error (es = sref. − s) between the reference and actual
positions expressed in spherical coordinates.

The outer loop of the catheter controller provides reference
values for the spherical parameters, the current of the ARMM
coil, and the position of the catheter inserter. We define a
spherical actuation Jacobian (Js) ∈ R4×6

Js =

[
∂w

∂s

T ∂w

∂I

T
]T

. (12)

This Jacobian is used along with the PRB model (5) to derive
an equation describing the effect of all control inputs on the
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Fig. 8. Closed-loop position controller is tested in an experiment involving steering of the magnetic catheter across three representative trajectories. The 3-D plots
present the actual and reference catheter tip position in Cartesian coordinates (X,Y,Z) of global reference frame ({G}). (Please refer to the video supplementary
material for the demonstration of this experiment.)

catheter tip velocity

Ja Js

[
ṡ

İ

]
+ λ̂ λ̇ = A

⎡⎢⎣ṡİ
λ̇

⎤⎥⎦ = Aσ̇ =G
C ṗ. (13)

An analytic derivation of Js is presented in the Appendix.
Inverting the actuation matrix (A ∈ R3×5) allows us to com-

pute the rate of reference control parameters (σref. ∈ R3 × S2)
which minimizes the catheter position error

σ̇ref. = A† (G
C ṗref. +Kcec

)
(14)

where † denotes weighted-damped pseudo-inverse [23], Kc ∈
R3×3 is a positive-definite gain matrix, and ec ∈ R3 is the
trajectory error which is defined as follows:

ec =
G
C pref. − G

Cp. (15)

The heuristically established weights in the weighted-damped
pseudo-inverse improve the behavior of the resulting solution. In
our case, they are predominantly used to limit the displacement
rates along r to avoid the collisions of the mobile coil. Addition-
ally, this technique inherently allows imposing limits on control
variables, avoiding collisions with a predefined workspace.

B. Position Control: Experimental Results

The tracking and control framework presented in previous
sections is implemented in C++ on Linux Ubuntu 16.04 work-
station (Kernel 4.4, Intel Xeon E5 CPU, NVidia Quadro K4200
GPU and 32-GB RAM). The inner spherical motion controller
(Fig. 7) is timed at 125 Hz, which is the internal rate used by the
UR10. The rate of the inverse model controller (14) is limited
by the speed of the ultrasound scanner. The system requires
approximately 7 s for a single scan.

The inverse-model position controller is tested experimentally
in a study involving steering the magnetic catheter through a
series of trajectories. Before each trajectory, a volumetric ultra-
sound scan is taken to align the ARMM system in a predefined

position in spherical coordinates (s). The trajectories are defined
using point-to-point parabolic segments. The results of the study
are shown in Fig. 8. The minimum reported mean error is
0.82 mm for Trajectory 2, whereas Trajectory 1 was executed
with the smallest maximum error norm of 2.66 mm. (Please
refer to the video supplementary material for the demonstration
of this experiment.)

V. DYNAMIC MODELING OF A MAGNETIC PROJECTILE

Once the catheter reaches the desired region, the magnetic
capsule can be deployed and guided to its final target. The
catheter releases the capsule when the current in the coil located
at its tip is reversed (Fig. 2). The ejected capsule can be subse-
quently guided to a target site under the influence of the magnetic
wrench (wp

μ ∈ R6). In this work, we consider an open-loop
guidance strategy, in which the capsule is delivered as a projectile
following a trajectory determined by the configuration of the
ARMM system.

A. Projectile Modeling

The motion of such a projectile can be represented by using
a dynamical state-space model. The instantaneous pose of the
capsule is represented by a reference frame ({P}), which is
defined by an instantaneous position vector (GPp ∈ R3) and

orientation quaternion (GPo =
[
oc ov

]
∈ H). We assume the

capsule to be moving in an external magnetic field (Bp(σ,
G
P p)),

which is composed of superposed fields generated by the magnet
of the ARMM system, represented by the multipole expansion
model, and the electromagnet at the catheter tip, represented by
point dipole with a dipole moment (μc). The trajectory of the
capsule is given by the state vector

P =
[
G
Pp

T G
Pv

T G
Po

T P
Pω

T
]T

∈ R9 × H. (16)
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TABLE I
IDENTIFICATION OF THE CAPSULE MODEL PARAMETERS

We assume that the state of the capsule evolves in time
subject to magnetic wrench (wp

μ), (buoyancy-adjusted) gravi-
tational force (Fp

g ∈ R3) and drag force (Fp
d ∈ R3) and torque

(τ p
d ∈ R3). Using (1) extended by a quaternion-based magnetic

torque model from [4], we represent the dynamics of the capsule
as follows:

G
P ṗ = G

Pv, (17)

G
P v̇ =

1

mp

(∥∥μp

∥∥∇Bp
G
P ẑ− Fp

d(
G
Pv)− Fp

g

)
, (18)

G
P ȯ =

1

2

[
−oT

v

ocI3 − S(ov)

]
P
Pω, (19)

P
P ω̇ = M−1

(∥∥μp

∥∥S ([0 0 1
]T) G

PRBp + τ p
d

)
(20)

where mp ∈ R+ is the mass of the capsule and M ∈ R3×3 is
its inertia matrix expressed in frame ({P}). Note that the frame
({P}) is fitted such that the direction of the magnetic dipole
moment coincides with its Z-axis.

B. Model Identification and Validation

The identification of the parameters of the capsule model
(17)–(20) comprises a series of characterization tests. The results
of these tests are presented in Table I. The mass (mp) of the
capsule is measured using precision scales (Mettler Toledo,
Greifensee, Switzerland). By approximating the volume of the
capsule as a cylinder, we can subsequently use this metric
to estimate the inertia matrix (M) and buoyancy-adjusted
gravity force (Fp

g).
In this study, we neglect the cross-dependence between rota-

tional and translational motion of the capsule, and assume no
turbulences to occur in the fluid environment. Hence, we use the
linear viscous drag model. We assume the drag force (Fp

d) and
torque (τ p

d) to be linearly dependent on the translational and
rotational velocities as follows:

Fp
d = cld

G
Pv (21)

τ p
d = crdI3×3

P
Pω (22)

where cld ∈ R− and crd ∈ R− are the viscous linear and rota-
tional drag coefficients. We identify these coefficients along with
the magnetic dipole moment μp in a characterization experi-
ment, whereby an optical camera (BlackflyS, FLIR Systems,
Wilsonville, OR, USA) is used to record the motion of the cap-
sule actuated by the ARMM system in an enclosed channel. The

pose of the capsule is segmented manually and the coefficients
are fitted using linear regression.

The model is validated experimentally (Fig. 9). We use two
BlackflyS cameras to record five independent projectile ejec-
tions for each of four different configurations of the control
system. A measurement grid is placed at the distal end of the
workspace. The location of this collision is manually segmented
from the camera images.

Subsequently, each ejection is simulated using the identified
state-space model. The predicted collision location is compared
with the experimental data. We record a mean estimation error
of 6.48 mm for all trials. The capsule motion is considered
repeatable, with the spread between observed collision locations
quantified with a standard deviation of 3.82 mm. Additionally,
we use the simulations to provide a quantitative estimate of pro-
jectile velocities. Across all ejections, the mean initial velocity
norm is 0.054 m/s, the mean impact velocity is 1.9 m/s, and the
average velocity is 0.67 m/s.

VI. PROJECTILE DELIVERY

The model (17)–(20) allows us to predict the projectile tra-
jectory (π(t; G

CH,σ : R≥0 �→ SE(3))). This trajectory is depen-
dent on a given catheter tip pose (GCH) and the configuration (σ)
of the position control system (Fig. 7). By influencing these
parameters, the capsule trajectory can be changed, directing
it toward a specified final destination. In this section, we in-
troduce one such technique, reconfiguring the ARMM system
within the null-space of magnetic actuation. This allows us to
guide the projectile toward a specific target while keeping the
catheter tip steady.

A. Null-Space Targeting Approach

The most complete way of stabilizing the catheter tip dur-
ing the targeting involves reconfiguration within the null-space
of the overactuated position control system (14) The kernel
(ker(A) ∈ R5×2) of that system offers two degrees of freedom
for system reconfiguration. In practice, realizing the targeting
this way is challenging. Inherently, the matrixA is badly scaled,
as it links the tip velocity to control variables (positions, ro-
tations, and current) with different characteristics and limits.
This leads to a variety of problems, whereby the system lim-
its are exhausted during operation (e.g., the mobile coil col-
lides with the workspace) The weighted least-squares approach,
used to handle these, cannot be translated directly into the
null-space motion.

Therefore, we propose an alternative solution (Fig. 10). For a
given configuration of the catheter, we perform the targeting by
using the null-space of the magnetic wrench acting on its tip. In
principle, by keeping the wrench constant, the catheter should
experience no motion throughout the targeting.

We make our strategy feasible by introducing additional as-
sumptions. We do not reconfigure the system along the radius (r)
of the spherical motion to reduce the likelihood of the collision
of the mobile electromagnet with the workspace. Additionally,
we assume that this fixed radius is large enough such that the
magnetic force (fμ) does not play a significant role in the
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Fig. 9. We validate the projectile model by ejecting the capsule toward a transparent measurement grid. In total, five ejections are performed at each of the
four different system configurations. Each ejection is recorded by two USB3 cameras 1© and 2© (BlackflyS, FLIR Systems, Wilsonville, OR, USA) at 90 frames
per second. The recordings are segmented to measure the collision points of the capsule (red circles) with the measurement grid. Subsequently, the identified
state-space model (17)–(20) is used to simulate the ejection followed by the collision with the grid in corresponding system configurations. The simulated and
observed collision locations are compared to assess the accuracy and precision of the delivery. (Please refer to the video supplementary material for the demonstration
of this experiment.)

Fig. 10. We guide the capsule ejected from the catheter to a target located at
the position (pt ∈ R3) using an open-loop strategy. Upon ejection, the capsule
moves as a projectile due to a net wrench (wc ∈ R6) comprising the gravity,
drag, and magnetic force/torque. Our strategy seeks to influence that motion by
changing the configuration of the catheter control system before capsule ejection.
We reconfigure the angle (φ ∈ S) of the spherical motion and the current (I ∈
R) inside the mobile electromagnet to modify the predicted trajectory of the
capsule such that it reaches the target.

actuation [5], [7], [24]. This assumption has been verified by
analyzing the experimental data from Fig. 8 in terms of magnetic
force contribution to catheter deflection. Specifically, the mean
contribution of force to the bending moment at the catheter
base was, on average, the 6.12% of the total moment across
all collected samples.

The resulting reduced null-space spans a single vector defined
by the kernel of reduced spherical actuation as follows:

ν̂ = ker
([

∂τµ

∂θ
∂τµ

∂φ
∂τµ

∂I

])
∈ R3×1 (23)

where ker() is the matrix kernel computed using singular value
decomposition. The reconfiguration in the direction described
by this kernel should cause negligible motion of the catheter tip,
allowing us to modify the expected capsule trajectory.

B. Targeting Simulations and Experiments

We illustrate the capabilities of our targeting approach in a few
studies. First of all, we want to evaluate the range of possible
targets offered by our approach. For that purpose, we use four
representative system configurations taken from catheter control
experiments (Fig. 8). For each configuration, we simulate the
maximum range of motions within null-space (23), permitted
by the physical limits of our system. Using the capsule model
(17)–(20), we compute trajectories associated with a number of
configurations within each motion range (Fig. 11). We observe
that the null-space reconfiguration effectively involves only the
current (I) and the angle (φ). This fact can be explained by
inspection, noting that in (9), both components of magnetic
torque depend on the same product of these two variables, which
cannot counterbalance any change to (θ). Additionally, we ob-
serve strong dependence on the range of possible trajectories
on the initial value of the current for a given configuration.
The configurations with larger initial currents offer more limited
targeting possibilities.

Subsequently, we perform a targeting trial (Fig. 12). The
ARMM system is reconfigured within the null-space of magnetic
actuation. The motion is programmed such that the angle (φ)
increases steadily. For each iteration, the predicted trajectory
corresponding to a given system configuration is calculated. If
the distance between the location of the target and the prediction
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Fig. 11. For any given configuration of the magnetically actuated catheter
(blue), a range of trajectories (orange) achievable using the null-space recon-
figuration can be estimated using our dynamic model. We demonstrate such
estimates for four representative snapshots from the catheter control experiment
(Fig. 8). For each trajectory, the null-space reconfiguration has been simulated
between the physical bounds of the system. For each simulated configuration,
we used the dynamic model to calculate the associated predicted trajectory.

is less than 1 mm, the reconfiguration stops and the capsule
ejection takes place. The mean residual catheter tip displacement
during the reconfiguration is 0.80 mm.

Finally, we demonstrate the successful delivery and retrieval
of a projectile, ejecting it to a target beyond the reach of catheter
tip (Fig. 13). We use our targeting approach to find a suitable
configuration of the ARMM system. We record two representa-
tive trials using a MotionBlitz EoSens Cube7 high-speed camera
(Mikrotron GmbH, Unterschleißheim, Germany) at 1000 FPS.
In the first trial, the capsule reaches the cylindrical hole within
the target. In the second trial, the capsule hits the main body of the
target and comes to rest on it due to the magnetic actuation still
active (as in Fig. 2). Upon switching off the magnetic actuation,
the capsule falls off from the target and is successfully retrieved
by the magnetic field of the miniaturized electromagnet.

VII. DISCUSSION

The experimental work presented in this article demonstrates
that a magnetic catheter can successfully be used as a delivery
vehicle for untethered agents. By using external magnetic fields
provided by a mobile electromagnet, the catheter can be steered
into the vicinity of the target. Subsequently, the catheter can
eject the capsule which is delivered to the target as a projectile.
Overactuation of the system can be used to determine the final
trajectory of the projectile, effectively allowing us to aim at a
selected target.

The principal factor, which restricts the performance of our
system at all stages of the delivery procedure, is a slow track-
ing rate of the scanning ultrasound. As we rely only on this

Fig. 12. Trajectory prediction is used to deliver the projectile to a target within
the workspace. 1© The mobile electromagnet is aligned with the catheter. The
catheter is deflected to the ejection position. 2© The targeting algorithm is used
to change the configuration of the mobile electromagnet along the null-space
of magnetic actuation. During the reconfiguration, the dynamic model of the
capsule is used online to predict the capsule trajectory. We perform consecutive
ultrasound scans to estimate the residual displacement of the catheter. The mean
displacement during the trial is 0.80 mm. Once any point along the trajectory
is sufficiently close (below 1 mm) to the target, the reconfiguration stops. 3©
The mobile electromagnet is activated and the projectile is ejected from the
catheter toward the target. (Please refer to the video supplementary material for
the demonstration of this experiment.)

modality for state feedback, the effective rate of our controllers
is approximately 0.14 Hz. This results in mean control errors
of above 1.25 mm, which are effectively higher than the ones
(below 1 mm) reported in comparable previous work involving
high-speed optical tracking (which is nevertheless not a clin-
ically relevant tracking modality) [4], [6]. Furthermore, such
a low control rate has a negative impact on the stability of
the system. This predominantly affects the ability of the inner
control loop to enforce spherical motion at larger deflections
of the catheter, where significant magnetic forces are present.
However, despite these limitations, scanning ultrasound can
be considered a feasible option for real-time tracking in these
situations, where information on the full shape of the catheter
is required. It remains particularly relevant for magnetically
actuated devices, which prohibit the use of high-resolution,
high-bandwidth modalities, such as electromagnetic trackers.

There are several ways in which the shape reconstruction rate
of the ultrasound could be improved. The use of fluoroscopy
can be considered a viable, albeit less safe alternative [25].
Safer methods could involve using three-dimensional ultra-
sound transducers or combining the ultrasound with Fiber-Bragg
Grating (FBG) based proprioceptive shape sensing [26]–[28].
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Fig. 13. We demonstrate the advantage of our approach, by using the capsule to reach a target unattainable by the catheter tip. We use a MotionBlitz EoSens
Cube7 high-speed camera (Mikrotron GmbH, Unterschleißheim, Germany) to register the capsule motion 1© – 4©) upon ejection from the catheter in two trials.
We image the workspace at 1000 FPS. In the first trial, the capsule is guided toward a cylindrical opening in the target, where it remains after the magnetic field
has been turned off. In the second trial, the capsule reaches the target and remains attached to it for 5 s. After 5 s, the external magnetic field is switched off. The
capsule falls off the target toward the catheter tip. Once close to the catheter, it is successfully retrieved by a miniaturized electromagnet. (Please refer to the video
supplementary material for the demonstration of this experiment.)

Finally, multirate state observers could be used to combine
estimation-based methods and the scanning ultrasound for im-
proved effective feedback rate [29].

Another aspect, where improvements can be made regarding
the catheter control, involves replacing the spherical motion
actuation model with a more complex framework. The spherical
motion is burdened with inherent singularities, which occur
when the coil current (I) is zero and when (φ) reaches 90o.
Throughout the experiments, we observed that, by the use of
damping in our inverse model, the current singularity poses no
problem to the performance of the system, as demonstrated
in Trajectory 1 (Fig. 8). Nevertheless, replacing the spheri-
cal motion control with another approach, capable of obstacle
avoidance, could alleviate this problem. Additionally, this would
allow us to disregard the bandwidth of the feedback as a factor
limiting the catheter stability at larger deflections. Addition-
ally, such state observers could potentially be used to reduce
the noise within the system. This is particularly important for
the long-axis noise within the shape sensing method, which
was first reported in [6] and observed again to degrade the
catheter control performance within the experiments in this
work.

Regarding the projectile delivery, our work demonstrates the
potential of magnetic capsules as viable tools extending the reach
of the catheter into the places inaccessible to its tip. We show
that such capsules can be effectively targeted in open loop using
the null-space of catheter actuation. With the reported targeting
accuracy of 6.48 mm, we consider them sufficiently precise
for clinically relevant tasks, such as targeted drug delivery or
biopsies.

The experiments presented in this work do not exhaust the
subject of magnetic projectiles. The characterization of complete
trajectories (both in terms of the capsule positions and velocities)
and their comparison with the ones predicted by our model
is required as a complete experimental proof of our modeling
approach. Additionally, further studies are required to establish
the accuracy of capsule targeting in biological fluids or in the
presence of fluid flow.

In our work, we utilize a single mobile electromagnet as a
source of external field. This significantly limits the range of
trajectories, which can be achieved with a capsule launched from
a catheter with particular configuration. One possible solution
could involve modification of the targeting approach. Instead of
remaining stationary, the catheter tip may be actively guided to a
configuration, in which the capsule can be ejected on a trajectory
reaching the desired target. Additionally, the magnetic actuation
system could be expanded to involve several independent mobile
coils. This should vastly enhance both the targeting capabilities
of our system as well as the set of reachable targets [24].
Nevertheless, such actuation systems would potentially require
a different targeting strategy due to more complex magnetic field
patterns they generate.

An important aspect of our concept that has not been ex-
haustively addressed in this work is the retrieval of the capsules
back to the catheter. Thus far, we show that by bringing the
capsule into the vicinity of the catheter tip, it gets attracted to
the outer shell of the dock. It remains unclear whether such
a retrieval would allow for safe retraction of the catheter in a
clinically relevant scenario. Tethering the capsule in a manner
similar to [18] could potentially alleviate this issue by allowing
for retrieval directly into the dock. Nevertheless, the presence
of a tether would alter the dynamic behavior of the capsule,
rendering our state-space trajectory model invalid. Alternative
solutions could involve biodegradation of the capsule, which
nevertheless remains problematic due to the inflammatory nature
of magnetic materials [30].

VIII. CONCLUSION

In this article, we presented a magnetic catheter capable for
controller release and retrieval of untethered magnetic capsules.
We used the mobile electromagnet of the ARMM system as a
source of external field for magnetic actuation. In our study,
the catheter was steered into the vicinity of the target with a
closed-loop position controller under the guidance of scanning
ultrasound. The capsule was ejected from the catheter by re-
versing the polarity of the miniaturized electromagnet attached
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to its tip. The released capsule moves as a projectile. We used
a dynamic model of the capsule to predict the trajectory of the
projectile. We demonstrated that the trajectory of the capsule
can be controlled by reconfiguring the ARMM system within
the null-space of the magnetic actuation.

Our catheter was tested in a series of experiments. We first
determined the accuracy of the catheter shape reconstruction
using scanning ultrasound, reporting the lowest mean error of
0.37 mm. Subsequently, we use our closed-loop controller to
guide the catheter along a set of trajectories with the lowest
mean error of 0.82 mm. We validated the accuracy of the capsule
model, reporting a mean target estimation error of 6.48 mm
and an average spread of 3.82 mm between launches at the
same target. Finally, we realized projectile delivery experiments,
demonstrating successful targeting with a mean catheter tip
displacement of 0.80 mm, and a delivery and retrieval from a
challenging location.

In future work, we will improve the control bandwidth of our
catheter, by incorporating faster shape reconstruction modalities
such as FBG sensors and 3-D ultrasound. We will also expand
our control technique to enable the use of mobile electromagnet
at any orientation with respect to the catheter tip. We will
enhance our dynamical model, improving the drag modeling
and enabling the simulations predicting the success of projectile
retrieval. This way, we will create a comprehensive and accurate
planning framework for capsule delivery to a given target, also in
clinically relevant conditions involving biological motion, such
as blood flow. Finally, we hope to use the principles presented in
this article to create advanced, clinically relevant functionalized
catheters. The aspects we will put a particular emphasis on
will involve miniaturization of our capsules and independent
delivery of multiple projectiles within a single insertion. We
envision that future prototypes of such catheters will be capable
of engaging the human body by utilizing a large variety of
functional microscale modules integrated into their structure.
Such catheters will form part of versatile platforms capable of
accomplishing advanced (micro-)surgical tasks and improving
patient care.

APPENDIX

The spherical actuation Jacobian (Js) is defined as follows:

(Js) =
[
∂w
∂r

∂w
∂θ

∂w
∂φ

∂w
∂I

]
(24)

and is derived from model (9). The field (b(r, I)) and gradi-
ent maps within that model were presented in our previous
work [19]. They have the nonlinear form

b(r, I) = (bw(r) + η(I)bc(r)) , (25)

∂b

∂r
=

(
∂bw
∂r

+ η(I)
∂bc
∂r

)
(26)

where bw(r), bc(r) : R+ �→ R+ are unit field maps for the
windings and the core of the mobile electromagnet, respectively.
The coefficient (η(I) ∈ (0, 1]) is used to take into account the
saturation of electromagnet core, which happens above ± 15 A.
Combining (9) with (25) and (26), we can analytically derive

the individual columns of (24) as follows:

∂w

∂r
= Iμ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1.5 sinθ sinφ cosφ ∂2b
∂r2

1.5 cosθ sinφ cosφ ∂2b
∂r2

(sin2φ− 0.5 cos2φ) ∂
2b

∂r2

−cosθ cosφ ∂b
∂r

−sinθ cosφ ∂b
∂r

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(27)

∂w

∂θ
= Iμ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1.5 cosθ sinφ cosφ ∂b
∂r

−1.5 sinθ sinφ cosφ ∂b
∂r

0

sinθ cosφ b(r, I)

−cosθ cosφ b(r, I)

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(28)

∂w

∂φ
= Iμ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1.5 sinθ
(
cos2φ− sin2φ

)
∂b
∂r

1.5 cosθ
(
cos2φ− sin2φ

)
∂b
∂r

3 sinφ cosφ ∂b
∂r

cosθ sinφ b(r, I)

sinθ sinφ b(r, I)

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
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∂w
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−1.5 sinθ sinφ cosφ
(
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∂r + I ∂bc

∂r
∂η
∂I

)
1.5 cosθ sinφ cosφ

(
∂b
∂r + I ∂bc

∂r
∂η
∂I

)
(sin2φ− 0.5 cos2φ)

(
∂b
∂r + I ∂bc

∂r
∂η
∂I

)
−cosθ cosφ

(
b(r, I) + I bc

∂η
∂I

)
−sinθ cosφ

(
b(r, I) + I bc

∂η
∂I

)
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (30)
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