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Three-dimensional (3D) localization of magneto-surgical devices is essential for safe and efficient
navigation. However, existing magnetic localization methods either limit device miniaturization due to
internal sensors or require additional excitation fields and external sensor arrays. Herein, we formulate
a localization method based on the special properties of rotating magnetic dipoles, which allow
reconstruction of position and rotation axis from a single external tri-axial magnetometer. The rotating
dipole is realized through apermanentmagnet synchronousmotor (PMSM) that can reversibly (un)lock
using the heat-induced phase transition of a low melting point alloy. Sequential localization and
manipulation is performed by an external mobile electromagnet equipped with a single eye-in-hand
Hall effect sensor.Wedescribe thePMSM’s thermal andmagnetic properties, formulate the governing
localization equations, quantify and validate 3D tracking of PMSM pose trajectory, and demonstrate
sequential localization and manipulation in a benchtop experiment.

Collaboration between localization and manipulation systems is important
for safe and efficient deployment of magnetic continuum robots1,2 during
diagnostic and therapeutic interventions3. Recent clinical demonstrations
have shown the potential of these robots to navigate tortuous environments
under magnetic manipulation4–7. Meanwhile, traditionally large stationary
manipulation systems8,9 are being downsized for greater mobility and
reduced floorspace, moving toward commercialization10–13. These systems
generate targeted magnetic fields toward manipulation of robots in vivo,
which is facilitated by localization systems that reconstruct relative three-
dimensional (3D) position and orientation information essential for
control14,15. In this regard, localization connects manipulation systems to
microsurgical devices.

Conventional medical localization methods use technologies like ste-
reo vision14,16, biplane fluoroscopy17,18, angulated C-arm fluoroscopy19,20,
ultrasound21–24, ormagnetic resonance imaging systems25–27. Thesemethods
are compatible with various types of microrobots and offer various spatial
and temporal resolutions, penetration depths, and sizes of infrastructure28.
However, closed-loop magnetic manipulation is challenging due to often
unknown coordinate transformations between physically disconnected
reference frames of imaging and magnetic manipulation systems29.

Alternatively, low-field localizationmethods (here defined in thenano-
to milli-Tesla range), enable the development of magnetic tracking and
manipulation systems that are independent of conventional medical

imaging technologies30. Thesemethods rely ondetectingmagneticfields and
reconstructing the relative pose of the field source31. They typically involve
external magnetic field sources combined with internal sensorized
devices32–34 ormagneto-mechanical resonators with externalmagnetometer
arrays35,36.

Sensorized magnetic devices, often equipped with a single tri-axial
magnetometer37–40, can be localized relative to, andmanipulated by, external
field generating hardware30,33. However, deviceminiaturization is limited by
the space required for the sensor and the need for a rigid magnet-sensor
connection to prevent saturation and maintain a consistent local field30.
Alternatively, resonators offer better miniaturization potential by using a
single magnet for both localization and manipulation, but they require
targeted excitation fields and external magnetometer arrays to measure
oscillating fields36. Increasing numbers of stationary magnetometers are
required to expand the localization workspace when physically decoupled
from magnetic manipulation systems41,42. This solution may have practical
limitations in clinical settings. Alternatively, integration of external eye-in-
hand magnetometers attached to mobile magnetic field generating systems
provides connected mobile localization and manipulation workspaces43.

In this work, we demonstrate a localization and manipulation
approach that combines the benefits of sensorized devices, magneto-
mechanical resonators, and eye-in-hand magnetometers. These include
minimizing the required number of magnetometers, generating alternating
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fields in vivo, and integrating electromagnetic localizationandmanipulation
workspaces. Our method is based on rotating magnetic dipoles, which
producefieldswith elliptically varying strength at anypoint in space44. These
fields provide four possible solutions to the pose of a rotating field source,
based onmeasurements from a single tri-axialmagnetometer32. Herein, this
ambiguity is resolved using a priori knowledge of a rotating dipole position,
obtainedwith closed-loop position feedback. The reconstructed dipole pose
may be used to inform targeted generation of magnetic fields by a manip-
ulation system.

As the rotating dipole, a milli-scale permanent magnet synchronous
motor (PMSM) is developed (Fig. 1a). The motor includes planar-coil
inspired45 electromagnetic stators and a permanent magnet rotor. A ferro-
fluid bearing is used as an antifrictionmechanism and ensures concentricity
of the rotor and stator (Supplementary Movie 1). This bearing is inspired
from other small-scale linear46 and rotary motors47,48, as low-cost and
complexity alternatives to dry-film lubricants49, jewel bearings50, or micro-
ball bearings51.

In order to demonstrate localization and manipulation of PMSMs, we
introduce a rotor locking mechanism to the PMSM (Fig. 1b). This
mechanism is inspired from the thermal and reversible solid-liquid phase

transition of low melting point alloys (LMPA)52, 53. Here, the stators of the
PMSM act as heat and field sources54 to induce LMPA liquefying and rotor
rotation, respectively. The unlocked rotor (localization mode) allows
reconstruction of the PMSMpose by an external magnetometer; the locked
rotor (manipulation mode) allows the PMSM to act as a static permanent
magnet able to be manipulated by external fields.

The external field source comprises an electromagnetic coil22 equipped
with an eye-in-hand tri-axial Hall effect sensor, for iterative magnetic
manipulation and localization of the PMSM, respectively (Fig. 1c). Similar
to the PMSM, the external system exhibits mode-switching. In localization
mode, with the electromagnet deactivated and sensor/PMSM active,
rotating fields from the PMSM are used to reconstruct its pose and repo-
sition the coil. Inmanipulationmode, with the electromagnet activated and
sensor/PMSM deactivated, the PMSM is mechanically rotated and dis-
placed for steering (Fig. 1d).

The fabrication process of the PMSM, the characterization of its
thermal and magnetic properties, as well as the validation of the LMPA-
based locking mechanism, are described. Governing equations are for-
mulated for the localization of rotatingmagnetic dipoleswith perpendicular
axes of magnetization and rotation. Quantitative experiments evaluate

Fig. 1 | Schematic illustration of the permanent magnet synchronous motor
(PMSM) for localization andmanipulation. aMotor dimensions and components.
The PMSM consists of two stators, which are made up of two planar coils wrapped
cylindrically around a permanent magnetic rotor with a ferrofluid bearing. b A
fusible lowmelting point alloy (LMPA) fills the rotor cavity and functions as a rotor
locking mechanism. The heat and field produced by the stators simultaneously

induce LMPA liquefying and rotor rotation, respectively. c The rotor generates a
rotating magnetic field, which is detected by a single Hall effect sensor. These field
measurements are used to determine the three-dimensional position and rotation
axis of the motor. dWhen the LMPA solidifies, it locks the rotor in its orientation,
enabling the motor to be steered in an external field by manually rotating the tether.
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localization accuracy along 2D and 3D trajectories of the PMSM. Finally, a
benchtop experiment demonstrates localization and manipulation of the
PMSM in a tubular network, using an external integrated electromagnetic
coil and eye-in-hand Hall effect sensor.

Results
Permanent magnet synchronous motor
Figure 2a illustrates the fabrication process and main components of the
presented PMSM, comprising cylindrical stators made of two planar elec-
tromagnetic coils (Supplementary Fig. 1), a diametrically magnetized
cylindrical rotor with ferrofluid bearing, an LMPA rotor lock, a poly-
vinylidene fluoride (PVDF) heat shrinkable tube stator holder, a poly-
tetrafluoroethylene (PTFE) tether guiding power leads, and a resin shell/seal
preventing LMPA leakage (cross-sectional views are provided in Supple-
mentary Fig. 2).

Figure 2b shows the fabricated stator structure, including the PTFE
tether, PVDF heat shrink, stators, and rotor cavity. A top view presents the
cylindrical stator coils held by the PVDF tube, with the internal rotor cavity

displaying the meandering copper strands of the coils. Figure 2c provides-
front and back side views of the stator. Meandering copper strands trace
a cylindrical path and align at diametrically opposite positions, resulting
in superposition of magnetic flux densities. Figure 2d depicts the rotor
magnet inside the rotor cavity (north pole marked in red), the fusible alloy
contained in the rotor cavity, and an isometric viewof PMSMwith the outer
resin shell.

Motor properties
Stator magnetic field. A finite element model (FEM) of the stator
structure simulates the electromagnetic field within the PMSM’s rotor. In
the stator coils, longitudinal copper strands generate a magnetic field in
the diametric direction, while radial strands produce a field in the
longitudinal direction. The magnetic field strength of the inner stator
within the rotor volume ranges from 3mTA−1 to 6 mT A−1 (Fig. 3a),
assuming linearity between the generated field and electric current.
Further, with quadrature sinusoidal currents through the inner and outer
stator, average field strengths of 3.9 mT A−1 and 3.6 mT A−1 are achieved

Fig. 2 | Permanent magnet synchronous motor (PMSM) components and
assembly. a Fabrication of the PMSM. (i) Schematic of two stacked planar coils and a
cross section with annotated dimensions. (ii) Planar coils are rolled into cylindrical
stators with perpendicular angular orientation (θ). A PVDF tube maintains the
shape and connects to a PTFE tube, guiding power leads. (iii) An injected low-
friction resin seals the proximal opening of the stator lumen. (iv) The stator lumen is
filled with a solid cylinder of Cerrolow 117 alloy. (v) The cylinder ismolten, followed

by inserting a diametrically magnetized rotor with a ferrofluid bearing. (vi) The
liquid alloy is pushed up by inserting the magnet, and cooled to solidify. (vii) The
motor is sealed with a resin dip coating. b Photographs of the stator structure and
lumen. c Front and back views showing coil edge alignment when wrapped. d Top-
view and isometric photographs of the stator lumen with the rotor and fusible alloy,
and finished PMSM. Scale bar: 2 mm.
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in perpendicular directions (Fig. 3b). The difference is due to the different
inner diameters of the stators.

Stator heating. Temperature changes due to resistive heating and pas-
sive cooling of the stators, were measured at room temperature (18 °C)
and in a bath of stationary heated water (~37 °C) using a thermocouple
positioned internally or on the external surface (Supplementary Fig. 3).
During heating, quadrature currents were applied to the inner ðIinner ¼
I sinð2πfmtÞÞ and outer stator coils ðIouter ¼ I cosð2πfmtÞÞ with current
amplitude I = 200 mA and unit frequency (fm = 1 Hz), over t∈ [0, 120] s.
During cooling (t∈ [120, 180]), currents were switched off. The

quadrature current results in an electric power of P = 0.165W, steady-
state lumen temperatures of Tinternal∈ {49, 50} °C, and PMSM surface
temperatures of Texternal ∈ {31, 40} °C, in air and water, respec-
tively (Fig. 3c).

Rotor magnetic field. The 3D magnetic field around the PMSM is
modeled and scaled using field measurements from a Hall effect sensor
(Fig. 3d–f). One-dimensional (1D) field measurements were taken by
positioning the motor at varying distances (x∈ {10, 20, 30, 40} mm)
above the sensor (Supplementary Fig. 4). The measured rotor field
strengths (b(x)∈ {411, 55, 18, 7} μT) corresponds to the maximum field

Fig. 3 | Characterization of magnetic, thermal, and frequency properties.
a, b Simulated stator magnetic field (b = 〈bx, by, bz〉) distribution in the rotor volume
from quadrature unit-currents (Iinner, Iouter). c Measured internal and surface tem-
peratures from 200 mA quadrature currents in room-temperature air (18 °C) and
heated water (~37 °C). d Rotor field strength along its magnetization axis. e, f Field

and gradient norms in the magnetization plane (magnetization and rotation axes).
g Unlocking rotor rotation by phase transition of fusible alloy during stator acti-
vation. h Frequency analysis of rotor field signal during unlocked state. i Frequency
analysis for motor frequencies up to 10 Hz, confirming synchronous rotation.
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strength where the rotor’s magnetization axis is coincident with the
sensor. These measurements were taken during rotor rotation. Static
background fields and noise were averaged out during signal processing.

The 1D measurements are validated by comparison to a dipole
approximation model, and thereafter used to scale a 3D finite element (FE)
field model (Fig. 3d). This numerical FE model estimates magnetic fields
around the rotor magnet. These estimates are used to fit an analytical 3D
multipole expansion model (see “Materials and methods,” R2 = 0.999).
Finally, this model and its spatial derivatives provide field strengths and
gradients in the rotor’s magnetization plane (Fig. 3e, f). We note that the
general multipole expansion model may be interchanged for a simpler
dipole approximation for modeling fields at sufficient distances from the
rotor magnet55.

Rotor locking alloy. The rotor locking mechanisms comprise a fusible
alloy with a solid-liquid phase transition at 47 °C that melts due to
resistive heating from the stators (Fig. 3g and Supplementary Movie 2).

Rotor unlocking is validated by positioning a Hall effect sensor
above the motor, activating the stators with quadrature currents of
I = 175mA amplitude and fm = 0.25 Hz frequency, and measuring the
magnetic field over 60 s. During the phase transition (t∈ [0, 45] s), the
rotor field varies sinusoidally with temporally increasing amplitude.
Once fully liquefied (t > 45 s), the rotor rotation is synchronous with the
stator field. The duration until complete phase transition is consistent
with the temperature elevation corresponding to the amplitude of
quadrature current (Fig. 3c).

Motor rotation frequency. The rotor’s synchronous rotation at the set
motor frequency (fm = 0.25 Hz) is confirmed via frequency analysis of the
field signal after liquefying of the alloy (Fig. 3h). Synchronous rotation is
also validated across a range of frequencies (fm∈ {1, 2, . . . , 10} Hz), with
the upper limit imposed by the maximum sampling frequency
(fs = 20 Hz) of the Hall effect sensor (Fig. 3i). In addition, a video
recording shows rotor rotation up to a frequency of 10 Hz (Supple-
mentary Movie 1).

Magnetic localization
The proposed localization method matches measured to modeled rotating
field properties of the rotor within its magnetization plane. This plane is
defined by the rotor’s rotation axis ðω̂mÞ and magnetization axis ðμ̂Þ, and
contains 2D ellipse-shaped field isolines of uniform strength (Fig. 4a).

The 2D isolines are cross-sections of 3D tri-axial ellipsoids of constant
field magnitude (biso), which rotate with the rotor by an angle (ϕ) about ω̂m
(Fig. 4c). The field (b(p, ϕ)) at any position ðp 2 R3Þ changes in strength
and direction synchronous to ϕ. Maximum field strength occurs when p
coincides with the smallest isoline in the magnetization plane
bmax

� ¼k bðp; ϕmaxÞ k, where ϕmax 2 f0; πg. Minimum field strength
occurs at a quarter turn ðϕmin 2 fπ=2; 3π=2gÞ. The ratio of maximum to
minimum field strength defines the field ratio ðbratio ¼ bmax=bminÞ. Further,
the field (b(p, ϕ)) rotates within a plane around the field rotation axis ðω̂bÞ
and forms an ellipsewith principal axes fbmax; bming (Supplementary Fig. 5).

Thesefield properties apply to anyposition in space,whichperiodically
coincides with an isoline in the magnetization plane. Therefore, field
properties can be linked to isoline positions. Next, we formulate “rotor field
isoline functions" to describe the relationship between rotating field prop-
erties and corresponding isoline positions.

Rotor field isoline functions. A 2D isoline in the rotor’s magnetization
plane is defined by field strength (biso) and position angle (β). We define
an isoline position vector (pe(biso, β)) that traces the ellipse-shaped pat-
h, and that corresponds to a maximum field ðbmaxðpeÞÞ, minimum
field ðbminðpeÞÞ, field rotation axis ðω̂bðpeÞÞ, field ratio
ðbratioðpeÞ ¼k bmaxðpeÞ k = k bminðpeÞ kÞ, and field rotation angle (α(pe))
between the field’s rotation axis and the rotor’s magnetization axis
(Fig. 4d and Supplementary Fig. 5).

The rotor field isoline functions depend on (a subset of) isoline vari-
ables {biso,β}, and includeposition (pe(biso,β)),field ratio (bratio(β)), andfield
angle (α(β)). These three isoline functions are formulated based on simu-
latedvalues from themagneticfieldmodel of the rotor. The isoline functions
show that the isoline position distance (∥pe(biso, β)∥) varies elliptically along
along each isoline (Fig. 4e). Also, bratio∈ [1, 2] is cyclic and bounded along
each isoline (also see SupplementaryText 1), with four possible solutions for
β∈ {β1, π−β1, π+ β1,−β1}, β1∈ [0, π/2] (Fig. 4f). Similarly, α(β)∈ [0, π] is
cyclic and bounded. In this work, the ambiguity of β is resolved by using a
priori knowledge of rotor position through closed-loop feedback of previous
localizations (Eq. 14 and Fig. 8d).

Notably, the magnetic field of the stators is ignored during the for-
mulation of the isoline functions. Upon synchronous rotation of the rotor’s
magnetization axis with the stator field, we assume that the stator only acts
to amplify the PMSM’s magnetic moment. In that case, although the
PMSM’s field strengths ðfbmax; bming; b� :¼k b� kÞ shift for some pe, its
fbratio; b̂min; ω̂bg doesnot. Since∥pe∥depends onbiso � bmax, this is the only
theoretically affected isoline function (Eq. 9). However, given the stator
field’s weakness compared to that of the rotor (Supplementary Fig. 6), its
impact on fbmax; bming is considered negligible.

Magnetic localization algorithm. Magnetic localization of the PMSM is
informed by field measurements taken by a Hall effect sensor at some
position in space around the PMSM. Thesemeasurements are used in the
rotor field isoline functions to compute the sensor’s isoline position in the
rotor’s magnetization plane. Then, the position and rotation axis of the
PMSM are determined using both the measured field components and
the reconstructed isoline parameters (Supplementary Fig. 7). Figure 5a
shows the localization setup, with a Hall effect sensor and PMSM. The
goal is to reconstruct the motor’s position (Spm) and rotation axis (Sωm)
relative to the sensor frame ({S}).

Figure 5b illustrates field measurement post-processing. Temporal
field measurements (Sb(t)) consist of the static Earth’s field, rotating
PMSM field, and sensor noise. The Earth’s field is obtained through
frequency analysis and subtracted from the measurement signal, giving
the motor’s field (Sbm(t)). Then, a vector plot of

Sbm(t) shows formation
of a 3D ellipse in the reference frame of the sensor ðSR ¼ ½Sx̂; Sŷ; Sẑ�Þ,
characterized by a normal vector equal to the field’s rotation axis (Sωb),
and principal axes representing vectors of maximum ðSbmaxÞ and mini-
mum field strength ðSbminÞ. This additionally gives the field
ratio ðSbratio ¼k Sbmax k = k Sbmin kÞ.

Figure 5c again visualizes Sbm(t) in the sensor’s reference frame,
including the reconstructed Sbmax,

Sbmin, and
Sω̂b. By definition, the rotor’s

magnetization plane is spanned by Sb̂max and
Sω̂b. Therefore,

Sb̂min is per-
pendicular to the magnetization plane. The vector of maximum field
strength is coincident and parallel to themagnetization plane, and identifies
the isoline field strength ðbiso :¼k Sbmax kÞ.

Figure 5d shows the method of matching field measurements to an
isoline position in the magnetization plane, followed by reconstruction of
the motor pose relative to the sensor. A non-unique isoline position angle
(Sβ∈ {Sβ1,

Sβ2,
Sβ3,

Sβ4}) is computed by minimizing the difference between
measured and modeled field ratios. This leads to an associated isoline
position (Spe(biso,

Sβ)) and field angle (Sα(Sβ)). Finally, the relative motor
position (Spm) and rotation axis ðSω̂mÞ are found by rotating the recon-
structed field rotation axis ðSω̂bÞ around the perpendicular rotation vector
ðSb̂minψÞ by a function of isoline angles ({Sβ, Sα}) scaled to coefficients
(c1, c2∈ {−1, 1}). These combinations of coefficients represent the four
possible solutions for Sβ and can be obtained through optimization based on
a priori knowledge of motor position, or triangulation with an additional
sensor.

Magnetic localization validation. Magnetic localization is validated by
moving the PMSM relative to a fixed Hall effect sensor using a robotic
arm (Supplementary Fig. 4 and Supplementary Movie 3). The PMSM is
displaced such that the sensor traces field isoline positions (pe(biso, β)) of
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chosen isoline field strength (biso) and position angle (β) in the motor
frame (Fig. 6a and SupplementaryMovie 3). Knownmotor-robot-sensor
transformations give the associated reference motor position (pm) and
rotation axis ðω̂mÞ relative to the sensor. At each pe, field measurement-
based reconstruction of motor position (Spm) and rotation axis ðSω̂mÞ is
performed (Fig. 6b). During localization, the PMSM is activated at a
motor frequency of fm = 1 Hz for 30 s, with field measurements taken at
the upper limit of our sensor sampling frequency (fs = 20 Hz).

Figure 6c shows localization results for isoline positions defined by
various combinations of position angles (β∈ {0, 7.5, 15, . . . , 90}°) and field
strengths (biso∈ {6, 10, 20, 50, 100} μT). The field strengths correspond to
motor-sensor distances k pm k ≤ 43 mm

�
. The tracing of isolines by the

sensor is validated through the maximum measured motor field strength
(Fig. 6c(i)). The weakest isoline field strength (biso = 6 μT) corresponds to
the lower boundary of signal-to-noise ratio (SNR ≥ 10 dB) for which we
obtained consistent localization results (Fig. 6c(ii)).

Sensor noise, measured to be between 2 and 4 μT (Supplementary
Fig. 6), determines whether themaximum andminimum field strength can
be reliably differentiated (Fig. 6c(iii)). For those positions where

k bmax � bmin k ≥ 2 μT, errors in reconstructed field ratio are
∣Sbratio−bratio∣ ≤ 0.12 (Fig. 6c(iv)). The error in Sbratio determines the error in
isoline position angle (Fig. 5d and Eq. 8) as ∣Sβ−β∣ ≤ 23° (Fig. 6c(v)), and
isoline field angle as ∣Sα−α(β)∣ ≤ 10° (Fig. 6c(vi)). Finally, localization
accuracy in distance offset is ∥pm−Spm∥ ≤ 7mm (Fig. 6c(vii)), and for
directionality vectors of motor position ffp̂m; Sp̂m ≤ 11� (Fig. 6c(viii)) and
rotation axis ffω̂m;

Sω̂m ≤ 23� (Fig. 6c(ix)).
In order to analyze the angular errors in Sp̂m and Sω̂m, consider that

both equally depend on those in reconstructed field vectors ðfSb̂min;
Sω̂bgÞ,

seen in the governing localization equations (Fig. 5d and Eqs. 11–13).
Further, Sp̂m depends on Sα, whereas Sω̂m depends on {Sβ, Sα}. Also, Sα
depends on Sβ, that depends on Sbratio. From the partial derivatives of the
isoline parameters, we observe that ∣∂α(β ≤ 60°)/∂β∣ ≤ 1 andmitigates errors
in Sβ, but amplifies above (SupplementaryFig. 8). This is seen fromthepeaks
at β = 23° and β = 65° (Fig. 6c(v), (vi)). Also, ∣∂β/∂bratio∣ and ∣∂α/∂bratio∣
are most sensitive to errors at the boundary of bratio(β)∈ {1, 2}, and least-
sensitive when bratio(β)∈ [1.1, 1.9]. This corresponds to the relative
motor-sensor configurations with isoline position angles of
β∈ [25, 75]° (Fig. 4f).

Fig. 4 | Formulation of rotor field isoline functions. aMagnetic field isolines and
arrows in the rotor’s magnetization plane (magnetization and rotation axes). b Field
isolines are 2D cross-sections of tri-axial ellipsoidal field isosurfaces, which rotate
about a motor rotation axis ðω̂mÞ with an angle (ϕ) during activation. c In situ
rotation of field ellipsoidal isosurfaces generates rotating fields (b(p, ϕ)) at any
position (p), which itself forms an ellipse with principal axes defined by the max-
imum and minimum field strengths ðbmax; bminÞ. d Schematic representation of the
magnetization plane, with an isoline ellipse traced by a position (pe(biso, β)) defined

by the isoline field strength (biso) and position angle (β) from the magnetization axis
ðμ̂Þ. Any isoline position (pe) is additionally associated with vectors of maximum
field ðbmaxÞ, minimum field ðbminÞ, field rotation axis ðω̂bÞ, and scalars of field ratio
ðbratio ¼k bmax k = k bmin kÞ and field angle ðα :¼ ffω̂b; peÞ. A 3D representation is
provided in Supplementary Fig. 5. eAnalytical function fit to isoline position vectors
ðpeðbiso; βÞ : R2 ! R2Þ, showing distances from the rotor magnet to isoline posi-
tions. f Analytical function fit to field ratio ðbratioðβÞ : R ! RÞ and field angle
ðαðβÞ : R ! RÞ, considering that α(β) = α(biso, β)≡ α(pe).
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Angular errors in fSβ; Sα; Sp̂m; Sω̂mg expectedly to increase with β, for
which k bmax � bmin k falls below the sensor noise, and reconstructed
components of the measured field become less accurate. Unexpectedly,
however, the error ∣Sβ−β∣ increases linearly with β ≤ 23° (Fig. 6c(v)). This
error stems from an overestimation of Sbratio≈ 2, ∀β ≤ 23°, which is
observed for all field strengths and appears unrelated to the SNR
(Fig. 6c(iv)). A potential cause is observed in
∂ðk bmax k � k bmin kÞ=∂β � 0, ∀β ≤ 23° (Fig. 6c(iii)), that indicates a
region where changes in relative maximum and minimum field strengths
are indistinguishable from sensor noise.

Three-dimensional trajectory tracking
The three-dimensional tracking of motor pose is demonstrated along cubic
(Fig. 7a), helical (Fig. 7b), and sinusoidal paths (Fig. 7c). Each trajectory
consists of a series of predetermined positions (pm = 〈pm,x, pm,y, pm,z〉) and
rotation axes ðω̂mÞ with respect to the sensor. These poses are iteratively
traced by the PMSM using a robotic arm (Fig. 6a and Supplementary
Movie 3). At each iteration, the motor’s position (Spm) and rotation axis
ðSω̂mÞ are reconstructed. At the first iteration, the known motor position
(pm) is used as the initial guess to compute Spm. In subsequent iterations, the
previously reconstructed Spm is used as feedback (Supplementary Fig. 7).

Figure 7 reports absolute sensor-to-motor distance (∥pm∥) along each
trajectory, localization distance error (∥pm−Spm∥), measured maximum
field strength ðSbmax � SbisoÞ, and reconstructed isoline position angle (Sβ).
Additionally, for all isoline position angles (β) along each trajectory, the
angular errors in position angle (Sβ−β), and PMSM directionality vectors
for position (∠pm, Spm) and rotation axes ðffω̂m;

Sω̂mÞ, are shown.

The tracking results support previous findings that localization ismost
accurate for β∈ [25, 75]° (Fig. 6). Angular errors in position vectors are
found to be within ff pm,

Spm∈ [5, 15]°, whereas for rotation axis within
ffω̂m;

Sω̂m 2 ½10; 40��. Localization errors increase for β < 25°, possibly due
to a region of low sensor accuracy and precision.

Errors and standard deviations inffω̂m;
Sω̂m likely stem from incorrect

optimization of the localization coefficients {c1, c2} (Eq. 14). Figure 7 (central
panels) shows abrupt deviations in the reconstructed position, indicating a
series of faulty localizations. These errors persist due to feedback to sub-
sequent localization iterations (Supplementary Fig. 7). Since {c1, c2} are
optimized based on prior positions, the position angular error (ff pm,

Spm)
changes less between iterations. However, an incorrect sign of c2 = ±1
already introduces a 90° error in Sω̂m (Eq. 13), with the potential for var-
iation in angular errors ðffω̂m;

Sω̂mÞ between iterations.

Magnetic localization and manipulation
Iterative magnetic localization and manipulation of the PMSM is demon-
strated in a 2D tubular network (Supplementary Fig. 9 and Supplementary
Movie 4). The experimental setup includes an integrated external
localization-manipulation system comprising a Hall effect sensor mounted
on the tip of an electromagnet, serving as the end-effector of a serial
manipulator (Fig. 8a). The external system is vertically positioned above the
PMSM and enclosing tubular network, using field measurements from the
sensor to track and follow the PMSM’s movement (Fig. 8b).

The system alternates between localization and manipulation modes
(Fig. 8c). In localization mode, the active PMSM generates a rotating field,
while the Hall effect sensor takes temporal field measurements. In this

Fig. 5 | Schematic representation of the magnetic localization algorithm. a Setup
with a Hall effect sensor and its local Cartesian axes ðfSx̂; Sŷ; SẑgÞ, and motor with
position (Spm) and rotation axis (Sωm) relative to the sensor. b Temporal field
measurements (Sb(t)) are compensated for the Earth’s field to obtain the motor field
signal (Sbm(t)). This signal forms an ellipse with principal axes equal to vectors of
maximum ðSbmaxÞ and minimum strength ðSbminÞ, and a normal vector equal to the

field’s rotation axis ðSω̂bÞ. c The rotor’s magnetization plane is spanned by Sb̂max and
Sω̂b, with

Sb̂min perpendicular. d A rotation matrix ðRminðψÞÞ associated with the
rotation vector ðSb̂minψÞ is defined with Sð�Þ : R3 ! R3× 3 a skew-symmetric
matrix. Isoline parameters are matched to the measured field ratio (Sbratio), yielding
solutions for the isoline position angle (Sβ), position vector (Spe), and field angle (

Sα).
These parameters are used to reconstruct the motor pose.
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mode, the electromagnet is off to prevent sensor saturation and interference
with themotor. Inmanipulationmode, the PMSM is locked and behaves as
a passive, radially magnetized permanent magnet. The electromagnet is on
to generate a stationary field for PMSM steering, allowing mechanical
rotation to change its deflection plane (Fig. 8d).

Quantitative results show successful entrance into all tube bifurcations,
as well as forward and backward tracking over a total distance of 40 cm in
300 s (Fig. 8e and Supplementary Fig. 10). In localizationmode, the PMSM
operates at 1 Hz, and the sensor records data at 20 Hz over 2 s. Post-
processing for pose reconstruction averaged 1 s, achieving a trajectory-
following frequency of about 0.3 Hz.

Discussion
This study reports a magnetic localization method for in vivo rotatable
dipoles, which herein is a new type of locking PMSM based on solid-liquid
phase changingLMPA.The rotatingfieldgeneratedby thePMSMallows for
the reconstruction of its position and rotation axis by and relative to a single
magnetometer, with four possible solutions. Additionally, we integrated the
magnetometer with an electromagnet to create an eye-in-hand sensorized
mobile electromagnetic manipulation system. By demonstrating iterative
PMSM localization and manipulation, we aimed to show the potential of
closed mobile magnetic navigation systems to operate independently of
fluoroscopic imaging.

PMSM design
The PMSM demonstrated that 2D fabricated flexible electronics may be
used as 3D stators with combined functionality as sources of magnetic field
and heat. Using the heat-generating property of stators has been used to
achieve reversible rotor locking. The ferrofluid bearing minimized friction,
opposed magnetic attraction between stators and rotor, and maintained
concentricity during rotation (Supplementary Movie 1). However, manual
fabrication (Fig. 2a) introduced functional inconsistencies. Alternatively,
precise micro-fabricated parts should be considered for reliability and
miniaturization50. Additionally, the application of excess ferrofluid encap-
sulated the rotor, preventing locking by the LMPA.

Rotor locking mechanism
The selection of Cerrolow 117 as the LMPA for reversible rotor locking was
based on its 47 °C phase transition temperature, which is close to physio-
logically safe27 and below NdFeB demagnetization temperatures56. Also,
atomically similar LMPAs have a viscosity close to water57 and a magnetic
permeability close to air58. However, due to its liquid state and toxic ele-
ments, encapsulation is required for medical applications53.

Temperature measurements of the PMSM show that internal LMPA
phase transition can be reached at surface temperatures (≤44 °C) that pre-
vent tissue injury (Fig. 3c)27 Also, heating and cooling occur faster in water
(37 °C) than in air (18 °C), with similar internal steady-state temperatures

Fig. 6 | Magnetic localization of the permanent magnet synchronous motor
(PMSM). a Experimental setup with a stationary Hall effect sensor and movable
PMSM by a robotic arm. PMSM displacement moves the sensor along isoline
positions (pe(biso, β)) of specific field strength (biso) and position angle (β). Real
motor positions and rotation axis ðpm; ω̂mÞ are known and compared to the
measurement-based reconstructed motor pose. b Experimental procedure for
magnetic localization. c Localization results for different isoline field strengths

(biso∈ {6, 10, 20, 50, 100} μT) and position angles (β∈ [0, 90]°), including (i) field
strength, (ii) signal-to-noise ratio, (iii) theoretical difference in maximum and
minimum field strengths, (iv) error between expected and reconstructed field ratio,
(v) angular error in position angle, (vi) angular error in field angle, (vii) distance
error in motor position, (viii) angular error in motor position vectors. (ix) Angular
error in motor rotation axis.
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(49 °C). Surface temperature rises less in water (37–40 °C) than in air
(18–31 °C). The system reaches steady-state in 20 s in water and 45 s in air,
while passive cooling below the transition temperature takes just 2 s. This is
indicative of the rate for switching between PMSM localization

and manipulation modes. Therefore, mode-switching is limited by
heating time.

Heating time during the rotor unlocking phase depends on power
dissipation by the stators, which act as resistors. This process may be

Fig. 7 | Tracking of the permanentmagnet synchronousmotor (PMSM) in 3D.Results showmotor position (pm, dots) and rotation axis ðω̂m; arrows Þwith respect to the
sensor frame, for a cubic, b spiral, and c sinusoidal paths. Error bars represent standard deviations with the associated number of samples annotated above each bar.

https://doi.org/10.1038/s44172-025-00424-3 Article

Communications Engineering |            (2025) 4:91 9

www.nature.com/commseng


accelerated through a greater heat transfer rate, by increasing power dis-
sipation with higher peak currents in the AC signal. However, for medical
applications, temperature feedback would be required to maintain thermal
biocompatibility59.

Localization algorithm
The presented algorithm localizes a PMSM, modeled as a magnetic dipole
with perpendicular rotation andmagnetization axes.At its core, the algorithm
uses precomputed rotor field isoline functions (Eqs. 4–6) that link rotating
field properties to the rotating field source (Supplementary Fig. 7). By com-
putinga ratio (bratio) ofmaximumandminimumfield strengths ðfbmax; bmingÞ
at a given position, the algorithm determines a set of isoline angles ({β, α}) to
rotate themeasured field’s rotation axis ðω̂bÞ into four possible combinations
of dipole position and rotation axis ðfp̂m; ω̂mgÞ (Eqs. 8–10).

This fourfold ambiguity is also reported inpreviouswork32.Herein, this
is resolved using prior knowledge of dipole position. However, this method

risks forwarding a previous faulty localization (Fig. 7). To prevent this,
additional sensors may be mounted on the external manipulation system,
enabling localization through triangulation.

Supporting the formulation of the isoline functions, we note that
similar algorithms exist to localize a sensor based on the known temporal
configuration of a rotating dipole32,60,61. However, in our reverse case, while
similarly having access to field measurements, we have no information
about the dipole rotation axis. This information is compensated for by
formulating predetermined maps between rotating field components and
the field source, i.e., the isoline functions.

Isoline function error sensitivity
The isoline functions exhibit different sensitivity to errors in field mea-
surementsdependingon the relative configurationof thePMSMand sensor.
Accordingly, regions of different localization error sensitivities may be
distinguished around the rotor magnet33,62.

Fig. 8 | Magnetic localization and manipulation of the PMSM. a External system
combining a robot arm, a Hall effect magnetometer, and an electromagnet.
b Experimental setup including a tubular network enclosing the PMSM, vertically
suspended electromagnet and magnetometer, and an upward-facing camera.

c Different operating modes for localization and manipulation, alternating between
PMSM(un)locked states, combinedwithexternalmagnet ormagnetometer (in)activity.
d Flow diagram for the localization and manipulation modes. e Navigation results.
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The error sensitivity describes how errors in the measured field ratio
(Sbratio) affect errors in the isoline angles ð Sβ; Sα

� �Þ. Partial derivatives
indicate that ∂β/∂bratio is least sensitive for bratio∈ [1.1, 1.9], corresponding
to β∈ [25, 75]° (Supplementary Fig. 8). Further, ∣∂α/∂β∣ ≤ 1 ∀β∈ [0, 60]°.
This range corresponds to bratio∈ [1.4, 2], for which errors in Sβ are miti-
gated in Sα but amplified above. Therefore, PMSM directionality vectors
fSp̂m; Sω̂mg are least sensitive to reconstruction errors in Sbratio for relative
rotor-sensor positions at β∈ [25, 60]°, for which bratio∈ [1.4, 1.9]. This
region is supported by the localization experiments (Figs. 6 and 7).

Localization workspace
The localization workspace depends on the SNR of the rotor field mea-
surement. The SNR is influenced by rotor size (magnetic moment) and
sensor resolution, and noise. Here, the tri-axialHall effect sensor has a 5mT
measurement range, ~3 μT peak noise (Supplementary Fig. 6), and 0.1 μT
resolution. A minimum SNR of 10 dB was identified for localization
(Fig. 6c). Accordingly, the workspace was limited to 40mm distance from
the sensor.

While this workspace is smaller than those using larger magnets32,38 or
more precise sensors35,36, simulations suggest that reducing sensor noise
could extend the workspace beyond 200mm (Supplementary Fig. 11).

Localization accuracy
The localization accuracy, including angular errors in the PMSM’s direc-
tionality vectors of position and rotation axis ðfSp̂m; Sω̂mgÞ, depends on
angular errors in the (direction of) measured minimum field strength and
rotation axis ðfSbmin;

Sω̂bgÞ, as well as errors in the isoline angles ({Sβ, Sα})
(Eqs. 11–13). These are influenced by the sensor’s SNR, accuracy, and
precision. In this work, angular errors of 5–10° in Sp̂m and 10–30° error in
Sω̂m were observed for a cylindrical rotor magnet (1mm diameter, 3 mm
length) along various 3D trajectories (Fig. 7).

Alternative sources of error, such as micrometer-range eccentricity
during rotor rotation (SupplementaryMovie 1) is considered negligible due
to its near-zerofield gradient (Fig. 3f). The statorfield is similarly considered
negligible, as its strength is one to two orders weaker than the rotor field
(Supplementary Fig. 6). To improve localization accuracy, we hypothesize
including localization methods for stationary magnets31, as the rotor mag-
net’s field (after filtering Earth’s field) could be treated as stationary at each
instant.

Localization frequency
The localization frequency (0.3 Hz) depends on the rate of rotor rotation
(1Hz), sensor sampling frequency (20Hz), the number of samples (40), and
computation time. Higher localization frequencies can be achieved using
faster sampling or reducing the number of samples (speeding up mea-
surement time and data processing). In combination, the rotor rotation rate
could be increased, which was shown up to 10Hz (Fig. 3i and Supple-
mentaryMovie 1). Faster rotor rotation ratesmay be achieved by increasing
the current through the stators, at a cost of temperature elevation.

Magnetic manipulation
Magnetic manipulation was performed iteratively with localization, rather
than simultaneously30,60. This was necessary due to saturation of the eye-in-
hand Hall effect sensor upon activation of the electromagnet. Additionally,
themanipulationfield, typically up to a few tens ofmilli-Tesla9, is anorder of
magnitude stronger than the statorfields (Fig. 3b andSupplementary Fig. 6),
which interfere with rotor rotation.

Rudimentary PMSM localization-informed system reconfiguration
andmanipulationwere shown, limited to electromagnetdisplacement along
the reconstructedmotor rotation axis (Fig. 8c and SupplementaryMovie 4).
More advanced manipulation could be achieved by incorporating an elec-
tromagnet field model for model- and localization-informed
reconfiguration16.

Finally, due to the unknown radial orientation of the PMSMmagnetic
moment, initial application of a manipulation field causes deflection in an

indeterminate plane. As a solution, we hypothesize that for synchronous
motors, frequency analysis and sinusoidal fitting of fieldmeasurements can
provide a time-dependent function to predict the direction of magnetic
moment and, therefore, plane of deflection.

Future work
The efficacy of PMSM localization can be increased by improving sensor
noise, resolution, and count. Integrating the presented algorithmwith those
for stationary magnets may further improve accuracy. For dipoles rotating
at a constant frequency, sinusoidal fitting could be used to estimate rotor
orientation and predict PMSM deflection. Multiple PMSMs with distinct
frequencies could be simultaneously located via frequency analysis. The
localization method may be applied to any structure incorporating or
representing a rotating magnetic dipole with perpendicular magnetization
and rotation axes, such as intravascular imaging catheters50, swimming
robots63, mechanically rotated continuum robots7, and magnetically actu-
ated untethered robots64. Beyond localization, local PMSM-generated
rotatingfields could be used in vivo, suchas for actuation ofmicrorobots65,66,
wireless power transfer to implants67, or aid in nerve regeneration68 and
cancer therapy69,70.

Materials and methods
Fabrication of planar coils
Planar coils were fabricated from a 55 μm thick polyimide copper clad
laminate (IM30-LM-000122, Goodfellow GmbH, Germany), comprising
25 μm thick polyimide, 12 μmepoxy adhesive, and 18 μm copper. The coils
were preparedusing optical lithography andwet etching processes. First, the
copper surface was cleaned using O2 plasma for 2min. Then, the AZ5214
photoresist (MicroChemicals GmbH, Germany) was spin-coated at
3000 rpm for 30 s and baked at 100 °C for 2min. The coil structure was
patterned using a direct UV-laser writer (DWL66, Heidelberg Instruments,
Germany) with a 410 nmwavelength. The desired structure was revealed in
1:4 solution of AZ351b developer in deionized water. The laminate was
subjected to post-baking at 100 °C for 2min to ensure better adhesion of
photoresist during wet etching. Thereafter, the laminate was wet etched at
60 °C in 1:10 sodiumpersulfate solution inDIwater (B327,AGTermoPasty,
Grzegorz Gasowski, Poland). Residual etching agent was removed with DI
water, and the photoresist was cleaned off with acetone, isopropanol, and
DI water.

Two versions of the planar coil were made (inner and outer) (Sup-
plementary Fig. 1a). Each coil has 12 windings. (1) The inner coil has a
length of 5.5 mm and a width of 4.35mm. Copper strands have a width of
0.13mm. Longitudinal strands are spaced 0.05mm. Transverse strands are
spaced 0.07mm. The coil has a resistance of 0.9Ω. (2) The outer coil has a
length of 5.5mm and a width of 4.8 mm. Copper strands have a width of
0.15mm. Longitudinal strands are spaced 0.05mm. Transverse strands are
spaced 0.05mm. The coil has a resistance of 0.82Ω.

Assembly of the PMSM
Enameled copper leads with a 50 μmdiameter (TRUComponents, Conrad
Electronic SE) are soldered to the terminals of the planar coils (Supple-
mentary Fig. 1b). The coils are aligned and adhered with a 1.2mm trans-
verse offset using50 μmthickdouble-sided tape (tesa®61250)placed around
the leads (Fig. 2a(i)), then inserted into a PVDF heat shrinkable tube (hel-
lermanntyton 311-00169, Farnell) of 1.6mm inner diameter, 1.9 mm outer
diameter, and 7mm length ((Fig. 2a(ii))). The coils’ center-to-center offset
displacement provides perpendicular angular orientation between the
wrapped coils.

The copper leads are threaded through a PTFE tube with a 0.66mm
inner and 0.96mm outer diameter (ptfetubeshop, The Netherlands)
(Fig. 2a(ii)), that serves as a protective tether and additionally houses a
polyetheretherketone (PEEK) mandrel with 0.38mm diameter (Zeus
Industral Inc., USA). Heat is applied at 200 °C to shrink the PVDF tube,
connecting it to the PTFE tether (Fig. 2a(iii)). Thereafter, low-friction resin
(durable resin, Formlabs) is injected into the stator lumen, pushed down
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using a steel rod of 1.2mm diameter, and UV-cured at 60 °C for 60min
(Form Cure, Formlabs), creating an airtight seal for the lumen and rigid
connection to the PEEK mandrel.

A solid cylinder of fusible alloy (Cerrolow 117, Bolton Metal Products
Co., Inc., USA) is placed in the rotor lumen (Fig. 2a(iv)). This cylinder is
madeby injecting liquefied alloy into a silicone tubeof 1mminnerdiameter,
followed by cooling and solidification, cutting to a 3mm length with a
Stanley knife, and subsequent removal of the cylinder from the tube.Then, a
constant current of 150mAis applied to the inner stator, resulting inheating
and liquefying the alloy. Thereafter, a diametrically magnetized rotor of
1mm diameter and 3mm length (SP0103DM-50, First4Magnets, UK),
partially coated with ferrofluidic bearing (M-FER-10, Supermagnete, The
Netherlands), is inserted and submerged in the liquefied alloy (Fig. 2a(v)).
Consequently, the alloy fills the space around the rotor and is pushed
upwards toward the distal exit of the stator lumen (Fig. 2a(vi)). Upon
deactivation of the stator, the alloy solidifies. Finally, the assembledmotor is
dip-coated inUV-curable resin (durable resin, Formlabs) and cured at 40 °C
toprevent intermediate phase transition of the alloy during curing, aswell as
leakage during activation (Fig. 2a(vii)).

PMSM thermal characterization
Thermal characterization was performed in air (18 °C) and distilled water
(37 °C), with the permament magnet synchronous motor (PMSM) having
an empty rotor cavity, i.e., without an internal rotor magnet or fusible alloy
(see Fig. 2b). Quadrature currents were applied to the inner ðIinner ¼
I cosð2πfmtÞÞ and outer stator ðIouter ¼ I sinð2πfmtÞÞ, with constant
amplitude (I = 200mA) and unit frequency (fm = 1Hz).

Temperature measurements were obtained using a 1mm diameter
K-type thermocouple connected to a thermocouple-to-digital converter
module (Diligent Pmod TC1, RS PRO, 134-6476) and an Arduino Nano
during resistive heating (t∈ [0, 120] s) and passive cooling (t∈ [120, 180]).
The thermocouple was positioned both on the outer surface of the PMSM
and inside the rotor cavity to measure external and internal temperature
increase, respectively (Supplementary Fig. 3).

Rotor field model
We present an analytical model for accurately describing the magnetic field
generated by cylindrical radially magnetized permanent rotors. The rotor
volume is discretized into subvolumes, eachmodeled as a field source using
amultipole expansionmodel. Symmetry of themultipole expansionmodels
among these subvolume field sources ensures axisymmetry of the magnetic
field around the rotor’s magnetization axis. This model is herein referred to
as an FE-inspired multipole/source expansion model.

Let RR ¼ ½Rx̂; Rŷ; Rẑ� 2 SOð3Þ be the rotor’s local reference frame at its
center ofmass. Here, Rẑ is the longitudinal axis, fRx̂; Rŷg the radial axes, and
Rμ ¼ Rx̂ the magnetization axis. We also define a position vector
(p≔ Rp = 〈Rx, Ry, Rz〉) expressed in RR.

Given a base harmonic scalar potential (RΨ0(p = 1/∥p∥)) that satis-
fies Laplace’s equation, the corresponding field function (Rb0(p) = ∂(RΨ0)/
∂p) is divergence- and curl-free as required by Maxwell’s equations in
current-free space. This property extends to higher-order derivatives of
the scalar potential with respect to the magnetization axis
ðRΨuðpÞ ¼ ∂uðRΨ0Þ=∂xu; u 2 NÞ, and their associated fields
(Rbu(p) = ∂(RΨu(p))/∂p), as well as those scaled by scalar coefficients
ðau 2 RÞ. Scalar potentials with u 2 2N provide field functions Rbu(p)
that contain (unpaired) monopole terms, such as tripole (u = 2) or
pentapole (u = 4). The natural absence of monopoles therefore constrains
u 2 2Nþ 1 to be uneven.

Scalar potentials are assigned to subvolumes of the rotor, with dis-
placement vectors ðΔpv; v 2 NÞ relative to RR. These vectors are part of a
symmetric set ðΔPvÞ with respect to the planes spanned by the principal
axes in RR:

ΔPv ¼ fΔpþþþ
v ;Δpþþ�

v ;Δpþ�þ
v ;Δp�þþ

v ;Δpþ��
v ;Δp��þ

v ;Δp�þ�
v ;Δp���

v g;

where Δp ± ± ±
v has positive/negative xyz-components, and ΔPv;i is the

ith∈ {1, 2, . . . , 8} displacement vector. Symmetry of the fieldmodel around
themagnetizationaxis requirescoefficients forpole-specific scalarpotentials
to be equal for all displacement vectors in a symmetric set. Accordingly, the
base harmonic scalar potential is formulated:

R
Ψ0;vðpÞ ¼

X8
i¼1

1
k p� ΔPv;i k

; ð1Þ

leading to the field expression for a symmetric set of source displacement
vectors:

R
bvðpÞ ¼

X
u¼0

a2uþ1;v 	
∂
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R
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Finally, the FE-inspired multipole/source expansion model is given by:

R
bðpÞ ¼

X
v¼1

R
BvðpÞav ¼

R
B1

R
B2 . . .

� �
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a

:
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This model was implemented using MATLAB’s symbolic toolbox
(MATLAB R2024, The Mathworks, Natick, Massachusetts, USA). The
model coefficientswere obtained by linear least squares regressionwithfield
estimates R~bðpÞ obtained from a measurement-based scaled FEM of the
rotor (COMSOL, Burlington, VT, USA), according to a ¼ ðRBðpÞyÞ R~bðpÞ,
where *† represents the pseudoinverse.

Rotor field isoline functions
Within the formulation of the following rotor field isoline functions, we
again consider RR ¼ ½Rx̂; Rŷ; Rẑ� 2 SOð3Þ as the rotor’s local reference
frame in its center of mass, Rx̂ and Rẑ to span the rotor’s magnetization
plane, μ̂ :¼ Rx̂ as the rotor’smagnetization axis, and ω̂m :¼ Rẑ as the rotor’s
rotation axis.

Isolineposition. The isoline position vector function ðpeðbiso; βÞ : R2 !
R2Þ traces the circumference of two-dimensional, ellipse-shaped field
isolines of uniform strength (biso) as a function of a position angle (β)
relative to the rotor’s magnetization axis (see Fig. 4). This function is
formulated as:

peðbiso; βÞ ¼ hcxðbisoÞ cosðβÞ; czðbisoÞ sinðβÞi; ð4Þ

with cx(biso) and cz(biso) coefficients dependent on the isoline field strength,
modeled as second-order power functions: cxðbisoÞ ¼ cx;1b

cx;2
iso þ cx;3, with

cx,i(i∈ {1, 2, 3}) the power function parameters. The same model applies to
cz(biso).

To calculate the power function parameters, the rotor field function
Rb(p) is used to compute themagneticfield strength at various positions on a
2D grid within the magnetization plane. MATLAB’s contour function then
generates matrices of 2D position vectors corresponding to different ellip-
tical contour levels (biso). The ellipse coefficients (cx(biso), cz(biso)) for each
contour level are then obtained using the fit_ellipse function71. Finally, the
independent parameters of the power functions (cx,i, cz,i) are determined
using MATLAB’s curve fitting toolbox.

Isoline field ratio. The isoline field ratio scalar function ðbratioðβÞ : R !
RÞ describes the ratio of maximum to minimummagnetic field strength
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at isoline position angles (β). This function is formulated as:

bratioðβÞ ¼ a0 þ
X8
k¼1

ak cosðkβwÞ þ bk sinðkβwÞ
� �

; ð5Þ

where ak, bk, and w are Fourier coefficients.
To determine these coefficients, we select an isoline field strength

(biso = 100 μT) and compute the field ratio over a range of position angles
(β∈ {1, 2, . . . , 360}°). The corresponding 2D isoline positions
(pe(biso, β) = 〈pe,x, pe,z〉) are computed, and a 3D variant is defined
as ~peðbiso; βÞ ¼ hpe;x; 0; pe;zi.

Using the 3D rotor field function (Rb(p)), maximum field ðbmaxðβÞ ¼
k Rbð~peðbiso; βÞÞ kÞ and minimum field strength ðbminðβÞ ¼k
Rzðπ=2Þ RbðRzðπ=2ÞT~peðbiso; βÞÞ kÞ are calculated for each angle β, where
Rz∈ SO(3) is a rotation matrix corresponding to the rotor’s rotation axis
ðω̂m :¼ RẑÞ. The field ratio is then determined as
bratioðβÞ ¼ bmaxðβÞ=bminðβÞ. Finally, the Fourier coefficients are obtained
usingMATLAB’s curve fitting toolbox, applying an 8-term Fourier series to
fit bratio(β) across the range of β.

Isoline field angle. The isoline field angle scalar function ðαðβÞ : R !
RÞ decribes the angle between the isoline position vector and the field
rotation axis. This function is formulated as:

αðβÞ ¼ a0 þ
X20
k¼1

ak cosð2πf kβ� bkÞ; ð6Þ

where ak, fk, and bk are Fourier parameters.
To determine these parameters, we again select an isoline field strength

(biso = 100 μT) and range of position angles (β∈ {1, 2, . . . , 360}°), and
compute 2D isoline positions (pe(biso, β) = 〈pe,x, pe,z〉), a 3D variant
~peðbiso; βÞ ¼ hpe;x; 0; pe;zi, and maximum field strength ðbmaxðβÞ ¼
Rbð~peðbiso; βÞÞÞ and minimum field strength
ðbminðβÞ ¼ Rzðπ=2Þ RbðRzðπ=2ÞT~peðbiso; βÞÞÞ. Thefield rotationaxis at each
β is then computed as ω̂bðβÞ ¼ b̂maxðβÞ× b̂minðβÞ, where �̂ denotes a unit
vector. The isoline field angle is then obtained as αðβÞ ¼ cos�1ð~̂pe 	 ωbðβÞÞ.
Finally, the Fourier parameters, including amplitudes (ak), frequencies (fk),
and phases (bk), are obtained with the ft_spect function72.

Motor field properties
APMSMdriven by quadrature currents in the inner ðIinner ¼ I sinð2πf mtÞÞ
and outer ðIouter ¼ I cosð2πfmtÞÞ stators at a given motor frequency (fm)
generates a rotating magnetic field (Sbm(t)). Field measurements are taken
with a Hall effect sensor (MLX90371, Melexis, Ypres, Belgium) positioned
around the PMSM, at a sampling frequency, fs = 20Hz. The sensor samples
the tri-axial magnetic field (Sb(t) = Sb0+ Sbm(t)+ ns(t)), which includes
Earth’s static field (Sb0), the motor field Sbm(t), and sensor noise (ns(t)).

Tri-axial field measurements recorded at discrete time instants (iΔt),
where Δt = 1/fs, are stored in matrix form (SB = [Sb(t0),

Sb(t1), …, Sb(tM)]).
Fourier-derived frequency-specific amplitudes (Afft(f )) are obtained with
MATLAB’s fft function, giving the Earth’s field as Sb0 = Afft(0). The motor
field measurements matrix (SBm = [Sbm(t0),

Sbm(t1), …, Sbm(tM)]) is then
computed, with Sbm(ti) =

Sb(ti)−Sb0.
Considering zero noise, Sbm(t) forms an ellipse and rotates in a plane

with a normal vector equal to the field’s rotation axis ðSω̂bÞ, computed using
the following minimization problem implemented with MATLAB’s fmin-
con:

±
S
ω̂b ¼ argmin

ω̂

XM
i¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω̂ 	 Sb̂mðtiÞ

� �2
s

; ð7Þ

where �̂ denotes a unit vector. Further, we fit a 3D ellipse to SBm, whose
principal axes correspond to the vectors of maximum and minimum field
strength. To this end, we define a rotation matrix ðSER ¼ ½Sx̂E; SŷE; SẑE�Þ

between the sensor and field ellipse frame where SẑE ¼ Sω̂b, and
Sx̂E ×

SŷE ¼ SẑE is arbitrary. The motor field measurements are projected
onto the 2Dellipse plane as EBm ¼ S

ER
T

� �
SBm.A2Dellipse is thenfit to the

xy-components (EBm,xy) using the fit_ellipse function implemented in
MATLAB71. Given sufficient data points, it is assumed that sensor noise
(ns(t)) is averaged out during the fitting of the ellipse. The principal axes of
this ellipse represent the vectors of maximum (Ebmax,xy) and minimum
(Ebmin,xy) field strength. Their respective 3D representations (Eb = 〈Ebxy, 0〉)
are then transformed back to the sensor’s reference frame, yielding Sbmax ¼
S
ER
� �

Ebmax and
Sbmin ¼ S

ER
� �

Ebmin. Finally, the field ratio is obtained as
Sbratio ¼k Sbmax k = k Sbmin k. Given the theoretical limits of field ratio
(bratio(β)∈ [1, 2]), any measured Sbratio that falls outside this range is
adjusted to the nearest boundary value.

Reconstruction of motor pose
The motor pose relative to and expressed in the sensor frame {S} is defined
by the motor’s position (Spm) and rotation axis (Sωm). These vectors are
computed using the measured motor field properties
ðfSω̂b;

Sbmax;
Sbmin;

SbratiogÞ and rotor field isoline functions, including iso-
line position (pe(biso, β)), field ratio (bratio(β)), and field angle (α(β)).

An isoline position in the rotor’smagnetization plane ismatched to the
sensor’s motor field measurements according to:

S
β ¼ arg min

β2½0;π=2�
j Sbratio � bratioðβÞj; ð8Þ

S
pe ¼ peð

S
biso;

S
βÞ; ð9Þ

S
α ¼ αðSβÞ; ð10Þ

where Sbiso ¼k Sbmax k is the measured isoline field strength. Because the
vectors Sbmax and Sω̂b span the reconstructed magnetization plane, with
Sbmin being perpendicular to this plane, a rotation matrix RminðψÞ 2 SOð3Þ
is defined based on the rotation vector Sb̂minψ, and the motor pose is
computed as:

S
p̂m ¼ c1Rminðc2

S
αÞ Sω̂b; ð11Þ

S
pm ¼ S

p̂m	 k
S
pe k; ð12Þ

S
ω̂m ¼ c2Rmin c2 	 ð

S
α� S

βþ c2π=2Þ
� �

S
ω̂b; ð13Þ

where cj∈ {−1, 1}(j∈ {1, 2}) are coefficients that represent rotation direc-
tion.Herein, the coefficients are determinedbased on apreviously knownor
reconstructed motor position vector ðSp̂mðti�1ÞÞ according to:

fc1; c2g ¼ arg min
c1 ;c22f�1;1g

cos�1 S
p̂mðti�1Þ 	

S
p̂mðtiÞ

� �
: ð14Þ

In the herein presented demonstrations of magnetic localization and
manipulation, the initial motor position vector ðSp̂mðt0ÞÞ was provided to
the localization algorithm.

Magnetic localization and manipulation
Themagnetic localization andmanipulation hardware includes an external
integrated Hall effect sensor (MLX90371, Melexis, Belgium), a custom
electromagnetic coil, anda robotic arm(KukaLBRIIwa-14R821,Augsburg,
Germany), as well as an internal PMSM. The PMSM navigates a custom
tubular network of opaque silicone tubes and Y-shaped connectors, each
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with a 6mm inner diameter, demonstrating 2D localization and manip-
ulation thereof in the horizontal xy-plane.

For localization, the external system provides the sensor’s temporal
orientation S

ER
�

and position BpS
�

relative to base of the robot. When the
PMSM is active and near the sensor, the pose reconstruction using the
measured motor field matrix (SBm) leads to the motor position (Spm) and
rotation axis ðSω̂mÞ relative to both the sensor and robot base, calculated as
Bpm ¼ BpS þ S

BR
Spm and Bω̂m ¼ S

BR
Sω̂m. The robot then repositions the

sensor horizontally above the calculated motor position.
For manipulation, when the PMSM is inactive, the electromagnet is

displaced 20mmalong the xy-projection of the last reconstructed Bω̂m. The
electromagnet generates a static magnetic field across the PMSM, which is
manually rotated to alter its magnetization direction and deflection plane.
The electromagnet is then turned off and reset to its initial position.

Motor power system
The motor power system comprises a custom-designed coil driver con-
nected to the stator leads of the PMSM (Supplementary Fig. 12). The coil
driver includes a bidirectional DC triple motor controller shield (Motoron
M3S256, Pololu Robotics) connected to an Arduino UNO. Each output of
the shield is connected in series to a custom inductor (~50 μH), made of a
6mm diameter ferrite core (RSPro, Fair-Rite, 172-9993) and manually
wound 0.5mm diameter copper wire, and a current sensor (ACS712 5A,
AZDelivery).

The output signal of the current sensor is smoothened by a 10 nF
ceramic capacitor placed between its ground and output pins. This current
sensor is used in closed-loop current regulation, managed by a custom-
designed PID controller. The Arduino board is powered via a PC with a
serial communication to command the current amplitudes and frequencies
for stator activation. Finally, the motor shield is powered through a socket
connected to a 240 V AC to 24 V DC transformer, which is then stepped
down to 8 V using a DC-DC converter (LM2596S, AZDelivery).

Data availability
The authors declare that data supporting the findings of this study are
available within the paper and its Supplementary Information files.

Code availability
All the relevant code used to generate the results in this paper and supple-
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reasonable request.
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