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Abstract—Untethered magnetic devices (UMDs) hold significant clinical potential for removing blood clots. However, in the
complex intravascular environment, their locomotion may be disturbed. Such disturbances can lead to variations in the
magnetic gradient force exerted on the UMD, increasing the risk of vascular damage. Therefore, evaluating the magnetic
gradient force acting on the UMD under worst-case conditions is essential for risk mitigation. In this letter,we a novel method
to estimate the upper and lower bounds of the worst-case magnetic gradient force acting on the UMD, with actuation
provided by two synchronized rotating magnetic dipoles.To assess the robustness of the algorithm,we conducted a Monte
Carlo simulation in which the dipole directions of the two synchronized rotating magnetic dipoles and the dipole direction of
the UMD were randomly varied 1 000 000 times in the three-dimensional space to simulate all possible scenarios that may
be encountered by the UMD in intravascular environments. The simulation results indicate that the worst-case magnetic
gradient force remains below the upper bound predicted by the algorithm, thereby validating its effectiveness.

Index Terms—Biomagnetics, magnetic gradient force, Monte Carlo simulation, untethered magnetic devices, worst-case conditions.

I. INTRODUCTION

Untethered magnetic devices (UMDs) represent a promising mini-
mally invasive approach for clearing blood clots within vascular envi-
ronments [Khalil 2019, Song 2024]. However, the complex rheological
environment of blood imposes substantial challenges to the control of
their locomotion [Bishop 2001]. The aggregation of red blood cells
and the localized accumulation of platelets may induce disturbances
in the UMD’s pose, potentially leading to motion obstruction in narrow
regions, as shown in Fig. 1(a). Such attitude disturbances may lead to
deviations of the helical UMD from its intended trajectory (as shown by
the green line in Fig. 1(b) toward the blood clot), resulting in dynamic
variations in the magnetic gradient force that may pose a risk of vas-
cular damage. Therefore, evaluating the maximum magnetic gradient
force acting on the UMD under worst-case conditions is crucial for
developing effective risk mitigation strategies. The worst-case gradient
force is defined as the maximum magnetic gradient force acting on
the UMD, generated by two synchronized rotating magnetic dipoles,
when the dipole moments of both the synchronized rotating magnetic
dipoles and the UMD independently span all possible orientations in
three-dimensional space.
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Permanent-magnet-based actuation systems with open configura-
tions are widely employed to actuate UMDs due to their ability
to generate strong magnetic fields and their scalability for in vivo
applications [Du 2023, Davy 2025]. However, the magnetic fields
generated by such systems are inherently nonuniform, resulting in
magnetic gradient forces acting on the UMDs. For UMDs that rely
primarily on magnetic torque for actuation [Zhang 2025], magnetic
gradient forces may adversely affect the stability and accuracy of their
locomotion, making such forces undesirable. To address this issue,
researchers have proposed various strategies to minimize the magnetic
gradient forces acting on UMDs.

Mahoney [2013] proposed that the unwanted magnetic force from
the actuator magnet can be significantly reduced either by rapidly
increasing the distance between the magnet and the UMD, or by
rotating the actuator magnet at a frequency well above the UMD’s
step-out threshold. However, these actions may result in a loss of
UMD localization or control authority. Furthermore, Mahoney [2012]
conducted a comprehensive investigation into strategies for mitigating
the adverse effects of gradient forces on UMDs actuated by a single
rotating magnetic dipole. The first approach involves proportionally
scaling the dimensions of the rotating permanent magnet and the
UMD’s operating distance, thereby preserving the magnetic field
strength and torque while reducing the magnetic gradient force due
to the diminished field gradient. The second strategy converts the
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Fig. 1. Helical UMD for the treatment of lower limb thrombosis. (a)
UMD is actuated by a rotating magnetic field B, which is generated
by two synchronized rotating magnetic dipoles located at positions o+
and o−, respectively.Each dipole possesses a magnetic moment M and
rotates about the axis defined by the unit vector �̂. (b) Real-time adjust-
ment of the posture of two synchronized rotating magnets enables the
controlled navigation of the UMD along a vascular path (illustrated by
the green line) toward the site of the blood clot.The UMD is subjected to
the magnetic gradient force as it moves along intravascular pathways.

gradient force into a lateral force by driving the magnetic dipole along
a predefined open-loop trajectory [Mahoney 2011]. The third method
establishes an absolute upper bound on the maximum gradient force
across all possible UMD dipole orientations for a given dipole rotation
axis [Mahoney 2013] and can be extended to evaluate the worst-case
gradient force when the UMD is actuated by two synchronized rotating
magnetic dipoles. Although magnetic gradient forces at the center of
two synchronized dipole fields can be reduced [Hosney 2015], they
cannot be fully eliminated.

We separate the magnetic gradient force from hemodynamic effects
to determine the worst-case gradient force without considering blood
flow. Although this simplification reduces biophysical realism, it is
necessary for establishing a conservative upper limit on gradient forces
before incorporating full fluid–structure interactions in future studies.
In this letter, we present a novel method for evaluating the magnetic
gradient force acting on UMDs under worst-case conditions using two
synchronized rotating magnetic dipoles.

II. MAGNETIC GRADIENT FORCE

Consider a UMD actuated by two synchronized rotating magnetic
dipoles. The UMD consists of a body and a magnet. The body is
fabricated using a three-dimensional printer, while the magnet, made
of Grade-N45 NdFeB, is mounted at the tail with its magnetic dipole
moment oriented perpendicularly to the helix axis of the UMD. As
shown in Fig. 2, the two magnetic dipoles are placed at o+ and o−
such that o− = −o+. Let p be the position of the UMD, and p+ =
p − o+; p− = p − o−.

Fig. 2. UMD is subjected to the magnetic gradient force (F) while
moving under the influence of a rotating magnetic field generated by
two synchronized rotating magnetic dipoles.

Moreover, p̂+ = p+
‖p+‖ and p̂− = p−

‖p−‖ . The magnetic moment (M)

of each dipole rotates around the axis �̂ (unit vector of dipole-rotation
axis �), causing the magnetic field at UMD position (p) to rotate
around the axis ω̂ (unit vector of field-rotation axis ω). The gradient
force exerted on the UMD under the actuation of two synchronized
rotating magnetic dipoles placed at o+ and o− is given by
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where m is the dipole moment of the UMD, m̂ is the unit vector of m
and K = 3μ0|m||M|/4π , and the matrix FM̂ is symmetric. Further,
matrix FM̂ depends on M̂, which in fact defines a linear map G:
R

3 � M �→ FM ∈ SyM3 ⊂ R
3×3, where SyM3 is the set of all 3 × 3

symmetric matrices. TheHx
i in (1) is the matrix mapping M̂ to magnetic

field gradient ∇B in the x̄ direction. The H
x
i is found as
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where matrix H
x
i are symmetric. The matrices H

y
i and H

z
i are deter-

mined similarly, and they are purely a function of relative position pi.
From (1), we have
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from which we observe that G follows the linearity directly. Further,
the trace of FM̂ can be confirmed to be zero.

We define that the worst-case gradient force ‖F‖worst as the maxi-
mum magnetic gradient force exerted on the UMD when the dipole
moments of the two synchronized rotating magnetic dipoles and the
dipole moment of the UMD independently sweep through all possible
directions in three-dimensional space. For estimating ‖F‖worst, we need
to look for the largest possible absolute value of eigenvalues for each
FM̂ and then estimate the maximum magnitude of all these largest
possible absolute values as all M̂ ∈ S2 are taken. In the following, we
explain, that for any fixed M̂ ∈ S2, the largest eigenvalue of the matrix
FM̂ is closely related to its standard norm

∣∣∣∣FM̂

∣∣∣∣
R9 in R

3×3 = R
9 (note

that
∣∣∣∣FM̂
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R9 =

√∑
i, j a2

i j where ai j is the element of matrix FM̂), the
maximum of which is determined by the largest singular value of the
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Algorithm 1: Procedure for Estimating the Upper and Lower
Boundaries of ‖F‖worst Applied to a UMD Under the Influence
of two Synchronized Rotating Magnetic Dipoles.

1: Construct the matrix G
T
G illustrated in (19);

2: Compute the eigenvalues of GT
G;

3: Find an unit eigenvector M ∈ S
2 corresponding to the largest

eigenvalue of GT
G;

4: Calculate the eigenvalue of the 3 × 3 matrix FM with the
largest absolute value |λmax|;

5: Estimate the magnitude range of ‖F‖worst using (11);
6: Output: The magnitude range of ‖F‖worst.

linear map G. Note that FM̂ depends on M̂, which in fact defines a
linear map G

G : R3 � M �→ FM ∈ SyM3 (4)

where SyM3 is the set of all 3 × 3 symmetric matrices. The G
T
G is

given in (19); see Appendix A. The adjoint action by O(3) matrices
does not change the stand norm of the symmetric matrices such that∣∣∣∣CT[ai j]C

∣∣∣∣
R9 = ∣∣∣∣[ai j]

∣∣∣∣
R9 ∀C ∈ O(3). (5)

Note that the action also preserves the trace such that trCT[ai j]C =
tr[ai j]. Since every element A ∈ SyM3 is related to a diagonal matrix
by some C ∈ SO(3)
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with λi being its eigenvalues, it holds
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where the eigenvalues λ1, λ2, and λ3 are relabeled as λmax, λmin, and
λmid based on the principle of |λmax| ≥ |λmid| ≥ |λmin|, respectively. For
A ∈ SyMtr=0

3 , trA = λmax + λmin + λmid = 0, then λmaxλmin ≤ 0 and
λmaxλmid ≤ 0. Consequently,
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Define ‖F‖worst = K‖F‖ where ‖F‖ is the largest possible absolute
value of the eigenvalues of FM̂ for all M̂ ∈ S2. Meanwhile, the max-
imum of

∣∣∣∣FM
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R9 is achieved at some M ∈ S2. The |λ̄max| is denoted
by the largest possible absolute value of the eigenvalues of FM. Then
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Then the sharpest estimation for ‖F‖worst is
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worst = K|λ̄max| ≤ ‖F‖worst ≤
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2
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Note that
∣∣∣∣FM

∣∣∣∣2

R9 is just the largest eigenvalue of the 3 × 3
semidefinite matrix G

T
G. Equation (11) provides a way to estimate

the magnitude range of ‖F‖worst. Thus, we developed an algorithm to

Table 1. Estimation of the upper and lower bounds of the magnetic
gradient force applied on a UMD under worst-case conditions using two
synchronized rotating magnetic dipoles.

estimate ‖F‖worst, which is presented in Algorithm 1. The magnetic
moment values are set as 45.35 for each dipole and 7.5 × 10−4Am2

for the UMD, based on experimental measurements and theoretical
analysis [Mahoney 2012].

Table 1 presents the upper and lower bounds of the ‖F‖worst and
compares them to the accurate values obtained with the Monte Carlo
simulation. The values are computed at various spatial positions p,
as shown in Fig. 2, represented as vectors relative to the origin. Note
that the positions p reported in Table 1 correspond exactly to those
illustrated in Fig. 3. Note that forces during microvascular motion for
UMDs with diameters of 1–2 µm are generally kept below 150 µN to
prevent vascular damage [Ergeneman 2011].

The results in the table verify our method, and it holds
‖F‖low

worst ≤ ‖F‖worst ≤ ‖F‖up
worst at all but two the field points

p(−14.67, −25.28, −3.35) and p(13.52, 26.64, −23.22). At these
exceptional points, the values of ‖F‖low

worst are a bit larger than the
Monte Carlo results of ‖F‖worst, and this in fact testifies our theory
instead of denying it. This is because ‖F‖low

worst is taken to be Kλmax,
which is an actual value of ‖F‖, and at certain locations, Kλmax is
exactly the worst, i.e., ‖F‖worst = Kλmax = ‖F‖low

worst. The computation
of Kλmax = ‖F‖worst by solving the eigenvalues of FM should have
returned more accurate results than the Monte Carlo simulation for
‖F‖low

worst, resulting in the seemly discrepancy at these points.

III. MONTE CARLO SIMULATION EXPERIMENT

To validate the effectiveness of the algorithm, we selected 16 posi-
tions for the UMD and fixed the two synchronized rotating magnetic
dipoles at positions x1 = [175 0 0] mm and x2 = [−175 0 0] mm,
as shown in Fig. 2. These positions were randomly sampled within a
spherical region centered at the origin with a radius of 50 mm, as the
UMD is most likely to be controlled to swim within this space. We
then simultaneously and randomly varied the orientations of the dipole
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Fig. 3. Monte Carlo-based evaluation of the magnitude of the magnetic gradient force at various spatial positions of the UMD, with the two
synchronized rotating magnetic dipoles located at positions x1 = [175 0 0] mm and x2 = [−175 0 0] mm, respectively. The red line in each subfigure
represents the worst-case gradient force at each UMD position.

moments of both the external dipoles and the UMD 1 000 000 times in
three-dimensional space. This procedure simulated potential variations
in the orientations of the external synchronized rotating dipoles and
the UMD within vascular environments.

Fig. 3 illustrates the results of Monte Carlo simulation experiments
conducted to estimate the magnitude of the magnetic gradient force,
‖F‖, acting on the UMD at various spatial positions p under all pos-
sible actuation conditions using two synchronized rotating magnetic
dipoles. Each subplot corresponds to a specific spatial location p (in
millimeters), and presents the distribution of ‖F‖ values over 1 000 000
random iterations. In each subplot, the red horizontal line represents the
upper bound ‖F‖up

worst previously estimated in Table 1, while the blue
dots denote the simulated force magnitudes. For all cases, ‖F‖worst

presented in Table 1 was found by Monte Carlo simulation experi-
ments. The results confirm that all simulated values remain below the
analytically estimated upper bound, validating the conservative nature
of the theoretical force limits.

We observed that most simulated values lie between the analytical
upper and lower bounds, with a small portion falling below the lower
bound. This is possible, as the analytical lower bound corresponds to
a realizable magnetic gradient force generated by a specific configu-
ration of M and m. Notably, the lower bound may also represent the
worst-case gradient force. This analysis statistically validates the force
safety margin and supports the use of worst-case estimation for safe
UMD trajectory planning in vascular environments.

IV. CONCLUSION

In this letter, we present a novel method for estimating the upper and
lower bounds of the magnetic gradient force exerted on a UMD under

worst-case conditions, with actuation provided by two synchronized
rotating magnetic dipoles. The force safety margin is validated through
Monte Carlo simulations, demonstrating the reliability of worst-case
estimations in enabling safe UMD navigation within vascular envi-
ronments, particularly in scenarios where strict control of the applied
gradient force is critical to minimizing the risk of vascular damage.

A limitation of the algorithm lies in its conservativeness at certain
spatial positions, where the estimated upper bound of the magnetic
gradient force under worst-case conditions significantly overestimates
the actual force. Future work will aim to refine the algorithm to achieve
tighter upper bound estimations that better approximate the true force
distribution.

APPENDIX A
EXPRESSION OF THE MATRIX G

T
G

From (3), we can therefore deduce that

FM = MPT + PMT +
2∑

i=1

(
M · p̂i

) I − 5 p̂i p̂
T
i

‖pi‖4
(12)

where pi = p − pi and p̂i = pi
‖pi‖ , and P = ∑2

i=1
p̂i

‖pi‖4 . trF3
M from (12).

For simplicity, we adopt the notation

[M ∗ P] = MPT + PMT (13)

and

PM =
2∑

i=i

(
M · p̂i

) p̂i p̂
T
i

‖pi‖4
. (14)
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Therefore, FM can be described as

FM = [M ∗ P] − 5PM + (M · P) I = AM + (M · P) I. (15)

Note that trFM = 0 and AM = FM − (M · P)I, and then

trF2
M = tr [FMAM] + (M · P) · trFM

= trA2
M + (M · P) · trAM

= trA2
M + (M · P) · tr [FM − (M · P) I]

= trA2
M − 3 (M · P)2 . (16)

Now, it remains to calculate trA2
M

trA2
M = tr[M ∗ P]2 + 25trP2

M − 5[M ∗ P]PM − 5PM[M ∗ P]

= 2 (M · P)2 + 2‖P‖2+
2∑

i=1

(
5

‖pi‖8
− 20( p̂1 · p̂2)

‖p1‖4‖p2‖4

) (
M · p̂i

)2

+ 50( p̂1 · p̂2)2

‖p1‖4‖p2‖4

(
M · p̂1

) (
M · p̂2

)
. (17)

As a result, it holds for any M ∈ R
3. Note that G is a matrix

expressed in (4). Thus, we have

MT
[
G

T
G

]
M = trF2

M

= MT
[
2‖P‖2I − PPT

+
2∑

i=1

(
5
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− 20( p̂1 · p̂2)
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)
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2 + p̂2 p̂T
1

] ]
M (18)

which implies

G
T
G = 2‖P‖2I − PPT +

2∑
i=1

(
5

‖pi‖8
− 20( p̂1 · p̂2)

‖p1‖4‖p2‖4

)
p̂i p̂

T
i

+ 25( p̂1 · p̂2)2
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2 + p̂2 p̂T
1

]
. (19)
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